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Zusammenfassung
Diese Arbeit bescha¨ftigt sich mit der Statistik des elektronischen Transports durch
mesoskopische Interferometer mit eingebetteten Quantenpunkten. Die Mo¨glichkeit der
Ladungstra¨ger, das System auf verschiedenen Pfaden zu passieren, fu¨hrt zu Interfe-
renz. Aufgrund des Aharonov-Bohm Effekts kann mittels eines externen Magnetfel-
des zwischen konstruktiver und destruktiver Interferenz umgeschaltet werden. Inter-
ferenz und starke Wechselwirkung auf dem Quantenpunkt induzieren Korrelationen
im Elektronenstrom. Die Methode der vollen Za¨hlstatistik studiert solche Korrelatio-
nen durch Bestimmen der kumulantenerzeugenden Funktion des zugrundeliegenden
stochastischen Prozesses. Die hierfu¨r erforderliche Information u¨ber die zeitliche Ent-
wicklung des Systems ist in einer verallgemeinerten Mastergleichung kodiert. Diese
beru¨cksichtigt Wechselwirkung, Spin und ra¨umliche Ausdehnung der Wellenfunktion
in Systemen mit mehr als einem Quantenpunkt. Die U¨bergangsraten werden mit Hilfe
eines diagrammatischen Realzeit-Zugangs auf der Keldysh-Kontur systematisch in der
Tunnelkopplung entwickelt, wobei Wechselwirkungseffekte exakt behandelt werden.
Als minimale Modelle, die die beschriebenen Effekte zeigen, werden ein Interfero-
meter mit Quantenpunkten in einem oder beiden Armen behandelt. In beiden Fa¨llen
tritt sowohl sub- als auch super-Poissonsches Verhalten auf.
Ohne Wechselwirkung sind alle Transportgro¨ßen des Einzelpunkt-Interferometers
aufgrund der Onsager-Relationen eine gerade Funktion des magnetischen Flusses und
die Transportstatistik ist Poissonsch. Wechselwirkung a¨ndert dies in zweierlei Hinsicht:
Zum einen induziert sie Korrelationen, die die Statistik der bestehenden Prozesse sub-
Poissonsch werden lassen. Zum anderen verursacht sie neue Prozesse mit einer un-
geraden Flussabha¨ngigkeit. Diese zeigen stark super-Poissonsches Verhalten in einem
Parameterbereich, in dem alle anderen Prozesse Poissonsch werden. Die Messung der
Za¨hlstatistik erfolgt typischerweise u¨ber Echtzeit-Detektion einzelner Elektronen wa¨h-
rend sie den Quantenpunkt passieren. Es wird gezeigt, dass ein solches Messverfahren
eine andere Statistik ergibt, da Prozesse, die den Ladungszustand des Quantenpunktes
erhalten, nicht detektiert werden.
Die Statistik des zweiten untersuchten Systems, eines Interferometers mit einem
Quantenpunkt in jedem Arm, ha¨ngt wesentlich davon ab, dass bei der Beschreibung des
Systems der Spin-Freiheitsgrad beru¨cksichtigt wird: Fu¨r einen speziellen Parametersatz
(verschwindender Fluss, entartete Ein-Elektronenzusta¨nde) zerfa¨llt der Hilbertraum
des Systems in zwei entkoppelte Unterra¨ume. In beiden ist Transport mo¨glich, aller-
dings mit unterschiedlichen Statistiken. In einer solchen Situation ist es nicht mo¨glich,
die Za¨hlstatistik im stationa¨ren Grenzfall zu definieren, da sie von den Anfangswer-
ten abha¨ngen wu¨rde. In realistischen Systemen fu¨hrt allerdings jede kleine Sto¨rung,
z.B. durch Spin-Relaxation, zu einer Kopplung der Untera¨ume. Im Falle einer schwa-
chen Kopplung zeigt das System stark super-Poissonsches Verhalten, a¨hnlich dem Te-




This thesis is concerned with the study of transport through multiply connected geome-
tries including quantum dots. The fact that electrons can pass the system along distinct
paths gives rise to interference effects. These can be tuned through the Aharonov-
Bohm effect by means of a magnetic field. The quantum dots introduce Coulomb
interaction, such that at most a single electron can occupy each dot at any given time.
Both Coulomb interaction and interference introduce time correlations in the electronic
current. These correlations are studied in full counting statistics, which aims at the
calculation of the cumulant generating function of the underlying stochastic process.
The time evolution of the system is described by a generalized master equation that
takes into account the full density matrix, describing spin, interaction and the delo-
calized nature of the electron wave function in systems with several dots. The kernel
of the master equation is calculated within a real-time diagrammatic approach on the
Keldysh contour. This techique allows a systematic expansion in the tunnel coupling
while treating Coulomb interaction exactly.
Two minimal models are discussed: a two-path interferometer with a quantum dot
in one arm and an interferometer with one quantum dot in each arm. In both systems,
depending on the parameter set, both sub- and super-Poissonian statistics are found.
For the single dot interferometer it is known that in absence of Coulomb interaction
Onsager relations require the statistics to be an even function of the magnetic flux and
the statistics are found to be Poissonian. The effect of charge interaction is twofold:
Firstly it introduces correlations that suppress the statistics below the Poissonian value.
Secondly, Onsager relations do not hold and new transport processes with an odd flux
dependence appear. They exhibit strongly super-Poissonian statistics in a regime in
which all other transport processes are uncorrelated. To date there is only one truly
successful technique for the measurement of counting statistics: real-time detection of
electrons as they pass the quantum dot. It is shown that such a detection scheme gives
different statistics, since it is insensitive to processes conserving the dot state.
As a second system an interferometer with quantum dots in both arms is studied. Its
statistics depend crucially on the inclusion of spin in the system description: For a very
specific parameter set (vanishing flux, degenerate electronic levels) the system’s Hilbert
space decomposes into two uncoupled subspaces. Transport is possible within either
of the subspaces, albeit with different statistics. In such a situation it is impossible
to define the counting statistics in the stationary limit, since they would depend on
the initial condition. However, this situation is unrealistic since any small deviation
of the system parameters (e.g., by experimental imperfections such as spin relaxation)
results in coupling of the subspaces. If this coupling is weak the system exhibits
strongly super-Poissonian statistics, similar to a random telegraph signal, with the
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The systems examined in this thesis are interferometers with one and two quantum
dots embedded in the arms. They are good examples for mesoscopic systems. While
the term “mesoscopic” is applied to a broad class of systems and phenomena, it gen-
erally describes systems in which classical and quantum mechanical phenomena are
combined. It turns out that the systems are typically smaller than (macroscopic) ob-
jects in everyday life, yet larger than microscopic objects like atoms–hence the term
mesoscopic was coined. Typically they are constructed from hundreds of thousands of
atoms and typical length scales are in the nanometer range.
The classical phenomena relevant to the present work are related to the granularity
of charge: On one hand, the granularity of these charge carriers is exploited in sev-
eral ways: via charge interaction effects and through its allowing to count individual
charges. The occurrence of charging effects in nanoscale structures is a well known phe-
nomenon. Two electrons always experience Coulomb repulsion. If they are separated
only by small distances, e.g., by confining them to a nanoscopic region in space, this
charging energy can assume significant values. This is in particular the case in quan-
tum dots. Typical mesoscopic, metallic structures are of the order of 100 nm, which
results in charging energies corresponding to temperatures of 1K. Smaller structures,
such as quantum dots made of molecules etc., can result in charging energies which
become relevant even at room temperature. The charging energy is a purely classical
effect. Its existence is not related to the granularity of charge. However, the charge
quantization causes the charging energy to always assume a finite value.
Since electric charge is quantized it is intuitively clear that the individual charge
carriers can in principle be counted as they traverse the structure. Conceptually this
enables current measurement with perfect precision. More interestingly fluctuations of
the current are accessible in this way. In the systems at hand, current is transported
in tunnel processes. It is in the nature of tunnel junctions that knowledge about
whether a particle is transmitted or reflected exists only in the form of probabilities.
This give rise to current fluctuations. Counting the charges then gives access to these
fluctuations, allowing to obtain the probability that a given number of charges has
traversed the system after a given time. This is called full counting statistics, since
it describes the full probability distribution function of charge transfer–in contrast to
conventional noise studies which access only the second moment the distribution. The
granularity of charge allows an intuitive interpretation of this distribution function.
Since the mechanisms causing fluctuations are in general of quantum mechanical
origin, for the calculation of the counting statistics a quantum mechanical theory is
needed. In the specific case relevant to this thesis transport of electrons occurs due
to tunneling, an entirely quantum mechanical process. It introduces a probabilistic
element in transport that gives rise to current fluctuations. Additional fluctuations
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are introduced through the internal dynamics of the quantum dot systems.
A second quantum mechanical element is due to the very nature of the systems: the
structures under consideration are interferometers in which electrons can take two
different paths to progress from a common source to a common drain. In order for
quantum effects to occur coherence along these paths is crucial, i.e., the phase coherence
length has to be larger than the size of the structure. For this reason experimental
realizations are fabricated with small spatial extensions of several micrometers and
operated at low temperatures (liquid helium), so that the main source of decoherence,
phonon-coupling, is reduced. In order to tune the interference between constructive
and destructive, a parameter is needed that controls the phase of the electrons. While
many mechanisms are known that affect the phase, here one is chosen, whose theoretical
description and experimental realization are rather elementary: the Aharonov-Bohm
effect. It arises when exposing the system to a magnetic field that penetrates the area
between the two interfering paths. The magnetic field causes a relative phase difference
proportional to the magnetic flux. Since the area of the paths is usually fixed, the phase
difference is controllable in a simple and precise manner by tuning the magnetic field.
A third quantum mechanical aspect in this work arises in the second system studied,
an interferometer with one quantum dot embedded in each arm. Under the influence
of strong charge interaction, each dot can be occupied by at most one electron. Thus
both dots together form a realization of a prototypical quantum mechanical system,
the two-level system. A single electron occupying the double dot is not required
to occupy only one dot, but may enter any linear combination of the levels. An
appropriate description is then provided by an isospin, analogous to a particle with a
spin of 1/2.
The aim of this thesis is to analyze the counting statistics of Aharonov-Bohm in-
terferometers with embedded quantum dots. The statistics depend on the internal
dynamics of the system. This is motivates a study of the counting statistics, since
information about the noise and even more so about the entire statistics helps in
understanding the underlying transport processes.
This thesis is structured as follows. First, the fundamental concepts relevant for the
systems under study are introduced in Chapter 2. This includes charging effects and a
short characterization of various tunneling regimes. The largest part of the chapter is
devoted to the two types of Aharonov-Bohm interferometers examined in this thesis. A
numbers effects are discussed which are experimentally and/or theoretically relevant.
Then, the concept of full counting statistics (FCS) is introduced in Chapter 3. As a
background, properties of current noise are discussed and an overview over mechanisms
resulting in enhanced noise is given. This overview is motivated by the fact that
enhanced noise plays a major role also in the present thesis. After showing that the
knowledge of higher cumulants of the current distribution function is feasible, the
theory of full counting statistics is introduced in general terms and two examples, a
single and a double barrier are discussed, already demonstrating how the FCS can
be obtained. As an important example one additional method for the calculation of
FCS is shown, before an overview over the concepts for the measurement of counting
statistics is given.
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The theoretical approach for the calculation of the counting statistics of quantum-
dot interferometers is presented in Chapter 4. It relies on a real-time diagrammatic
technique for the description of the time evolution of a system weakly coupled to several
reservoirs. The system itself is described by a reduced density matrix with the reservoir
degrees of freedom traced out. The time evolution of this reduced density matrix is
governed by a generalized master equation, the kernel of which can be obtained with
a diagrammatic approach on the Keldysh contour. In this way it is possible to treat
interaction effects in the intermediate system exactly. It is demonstrated how this
kernel is related to the generating function for the system’s counting statistics.
Finally the results are discussed in the last two chapters. The single dot Aharonov-
Bohm interferometer is discussed in Chapter 5. The counting statistics are first ana-
lyzed for the case of detection at source or drain interface. The generating function con-
tains two distinct processes with different dependence on flux and different statistics.
The processes with odd flux dependence are shown possess strongly super-Poissonian
statistics in a parameter regime, that is commonly associated with Poissonian trans-
port. The second part of the chapter discusses the counting statistics that would be
measured by a detector for the charge state of the quantum dot. The processes with
even flux dependence are invisible to this kind of detector, but also the processes with
odd flux dependence follow different statistics.
The statistics of the double dot interferometer are discussed in Chapter 6. The sys-
tem’s Liouville space is found to decompose into two separate subspaces. The coupling
between these subspaces is mediated by tunneling, but depends on the Aharonov-Bohm
phase. When the phase assumes multiples of π, the coupling vanishes. Since these
subspaces have different transport statistics, a kind of generalized random telegraph
noise arises: the system continually switches between the subspaces. For phase values
near π this switching becomes very slow and the statistics become super-Poissonian.




2 Charge transport in dot-ring geometries
The transport properties of mesoscopic systems stand out since in the mesoscopic
regime unique combinations of effects occur. On the one hand the systems are small
enough for single charge effects to appear, and on the other hand interference effects
are possible. This chapter briefly introduces the concepts relevant for charge transport
in dot-ring geometries.
The first section deals with single charge effects. Due to the limited size, the structure
is sensitive to the addition or removal of individual electrons for two reasons. Firstly
the classical electromagnetic repulsion between charges brought to close proximity
results in an additional charging energy being necessary to add an electron to the
dot. Secondly, since the electrons are restricted to an area whose length scales are
comparable to the electron’s Fermi wavelength, the quantum mechanical level splitting
becomes important.
The second section briefly discusses sequential and co-tunneling processes through
quantum dots. Finally the Aharonov-Bohm effect is introduced and the properties of
interferometers containing single and double quantum dots are discussed.
2.1 Single charge effects
Quantum dots are mesoscopic structures in which the charge carriers are confined to
such small lengths d that the associated energy scale h2/(m∗d)2 becomes comparable
to the Fermi energy [1]. This results in a discrete density of states on the dot. In
addition, due to their small size quantum dots have a very limited capacitance of
several pF or even aF (in case of quantum dots consisting of single molecules). This
gives rise to strong Coulomb interaction, leading to correlated transport through the
dot. Throughout this thesis quantum dots are considered which are sufficiently small
that only a single quantum mechanical level participates in transport.
For the realization of quantum dots a number of possibilities exist. The strongest
confinement is achieved when single molecules are contacted, often by placing the
molecule in a metallic break junction. Similarly carbon nanotubes can be contacted.
Quantum dots can also be realized in semiconductor structures in several ways. Over-
growing a substrate with a material whose lattice constance differs from that of a
substrate results in strain, which gives rise to self-organized growth of quantum dots.
The probably most versatile method however consists in defining the dots in a two-
dimensional electrons gas (2DEG). For this purpose top gates are grown on top of the
2DEG. Upon applying negative voltages to them, the area under the gates is depleted
from electrons. By proper design of the shape of the depletion gates quantum dots
can be defined in such a way that both the size and shape of the dot is tunable and
furthermore the coupling to leads or other dots can be tuned, since the barriers are
5






Figure 2.1: The equivalent circuit of a quantum dot (red). The tunnel contacts to the
leads (blue) can be described by resistances R and capacitances C, the gate
is also coupled capacitively.
also defined by gates. This allows the construction of complicated structures, including
the interferometers studied here. An example of such an advanced structure is shown
in Fig. 2.6.
2.1.1 Charging energy
As has been said, quantum dots are structure in which electrons are confined to a small
region of space. This gives rise to charging effects: an initially electrically neutral dot
can be charged with one electron without the cost of charging energy. The net charge
becomes (−e) and the resulting electric field repells other electrons, so that a stronger







where C denotes the total capacitance of the quantum dot (Fig. 2.1)
C = CL + CR + Cg. (2.2)
For typical dots it ranges 10−15 F down to 10−18 F.
The potential of the dot can be tuned via the potentials of the leads and the gate
voltage. This can be described as an external charge enx
enx = (CLVL + CRVR + CgVg) . (2.3)




(N − nx)2 , (2.4)
where N denotes the number of excess charges on the dot. The physical realization of
the excess charges N found on the dot minimizes Ech. Figure 2.2(a) shows Ech as a
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(a) The charging energy varies quadratically as
a function of the gate tuned external charge nx
for a given dot occupation N . At half inte-


















(b) At the points of fixed dot charge trans-
port through the dot is suppressed by Coulomb
blockade. At half-integer values of the external
charge nx transport is possible, giving rise to
Coulomb oscillations. At zero temperature the
shape of these resonances is given by a Breit-
Wigner function as shown.
Figure 2.2: The number of charges on the dot depends on the gate voltage. The dis-
creteness of charge leads to an oscillatory behavior of the conductance.
function of nx. For integer values of nx the charging energy is minimized and the dot
charge state is sharply defined. Whenever the number of charges is fixed, transport
is suppressed by Coulomb blockade. For half-integer values of nx two adjacent charge
states have equal charging energies. Therefore the excess charge of the dot can fluctuate
between N andN+1 electrons without changing the potential energy of the dot, so that
transport is allowed. Since the number of charges on the dot is not fixed, transport
through the dot is possible, so that periodic peaks appear in the conductance, the
Coulomb oscillations. The system is referred to as a “single electron transistor” as
it can be switched between a conducting and an isolating state by changing the gate
voltage and in the conducting state only a single electron can pass at a time (see
Fig. 2.2(b)).
The conductance peaks are broadened for two reasons. Finite temperature leads
to broadening of the Fermi-distribution by kBT , so that some source electrons have
energies higher than the Fermi energy, while some drain states below the Fermi energy
are empty, so that transport occurs in an energy interval of the order kBT around the
levels. At the same time the dot levels are broadened due to the coupling to the leads.
This results in a Breit-Wigner lineshape for resonant transport, with the width given
by the tunneling rate Γ/~ between dot and lead.
2.1.2 Level separation due to confinement
Besides the strong Coulomb interaction, quantum dots show energy level separation
due to geometrical confinement. In a confining potential, the momentum of the elec-
trons gets quantized so that their de Broglie wavelength matches the dimensions of
7
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the structure. If the energy difference ∆E between two levels exceeds the thermal
broadening, the quantum dot is characterized by a discrete density of states. For this
reason they are also often referred to as artificial atoms. A substantial difference to
natural atoms is however that the atomic properties can be tuned. The level spac-
ing for instance is determined by the size of the dot, while its shape determines the
symmetries of the wave function. In lateral quantum dots in two-dimensional electron
gases both properties are accessible by tuning the gate voltages.
The level spacing ∆E depends only on the geometric size of the dot, while the
charging energy Ech additionally depends on the capacitances. Thus it is possible
to increase ∆E so far that effectively only one level remains in the relevant energy
range. The dot can then be treated as consisting only of a single level. For reasons of
simplicity this work focusses on this type of quantum dot.
2.2 Higher orders of tunneling
In a weakly tunnel coupled quantum dot only sequential tunneling processes have to
be taken into account. This means that transport occurs due to electrons tunneling
onto and off the dot in an uncorrelated way, i.e., one at a time (Fig. 2.3(a)). This is
described by first order perturbation theory in the tunnel coupling [2]. In lowest order
the dot levels appear as delta-peaks and the width of the conduction peak is determined
entirely by temperature: away from the Coulomb peaks tunneling is exponentially
suppressed at low temperatures.
Processes of the next higher order are called co-tunneling processes. They are accessi-
ble in second order perturbation theory, two electrons tunnel coherently (Fig. 2.3(b)) [3].
As can be seen from the figure, this implies that the structure need not be tuned to res-
onance. This leads to lifting of the Coulomb blockade, so that transport is suppressed
only algebraically and not exponentially. In addition, it causes an intrinsic broadening
of the dot levels—the system behaves as if it was closer to resonance: the conductance
in the Coulomb blockade regime, but also on the resonances, is increased.
The extreme case for strong coupling is the Kondo regime, in which electrons are
found in a delocalized, coherent state in dot and leads: If the dot is occupied by an odd
number of electrons it is spin polarized and the local dot spin gets screened by the lead
electrons for temperatures lower than the Kondo-temperature which gives rise to an
increased conductance for gate voltages, for which sequential transport is maximally
suppressed. A narrow conductance peak appears at nx = m+ 12/2 in Fig. 2.2(b).
In this work only lowest order transport is studied. Still, co-tunneling processes
play a role in the single dot interferometer (Sec. 5), where amplitudes of co-tunneling
processes interfere with amplitudes of sequential tunneling processes.
2.3 Aharonov-Bohm interferometry
Interference effects appear in two-path interferometers where an incoming beam is
split up into two parts, traversing along different trajectories, and finally brought to
interference (Fig. 2.4). If the only influence of the separate trajectories is that the
8
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(a) In sequential tunneling electrons tunnel
through the dot in two uncorrelated pro-
cesses.
(b) In co-tunneling electrons pass through
the dot via a virtual state. This allows
transport even in the Coulomb blockade
regime.





Figure 2.4: The Aharonov-Bohm effect. An incoming electron beam is split up into two
parts, which propagate along different spatial paths. These paths enclose a
magnetic flux, so that the electrons acquire different phases and show flux-
dependent interference effects, when brought back together. This happens
also if the electrons do not experience the magnetic field itself.
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particles pick up a relative phase φ, the outgoing wave function is
Ψout = Ψ1 + e
iφΨ2, (2.5)
where Ψi (i = 1, 2) are the wave functions for transmission through arm i. The
probability of observing the particle behind the interferometer is thus given as
|Ψout|2 = |Ψ1|2 + |Ψ2|2 + 2|Ψ1||Ψ2| cosφ. (2.6)
If the transparencies of both arms are equal, |Ψ1| = |Ψ2|, full destructive interference
is possible for φ = π.
While the possible origins of such phase differences are plentiful, in this thesis it
is thought of as arising from the Aharonov-Bohm (AB) effect, since it is conception-
ally simple and experimentally well accessible. It was first described theoretically by
Aharonov and Bohm [4] that electrons following a closed loop acquire an additional
phase φ = Φ2πe/h if the loop is penetrated by a magnetic flux Φ. Historically the
insight gained from the AB-effect was related to the physical relevance of the vector
potential. It had originally been thought of as being merely a mathematical construc-
tion without direct physical relevance. The magnetic flux can be written as both a
surface integral ofr the magnetic field B over the surface enclosed by the loop or as




B · dS =
∮
∂S
A · dr. (2.7)
The interference effect appears also if the magnetic field is concentrated to a region
inside the loop. This means that interference is possible also if the electrons have not
encountered a magnetic field along their path-it is only the flux that matters.
The appearance of interference can be hindered in realistic systems in several ways.
Obviously the structure has to be phase coherent, i.e., isolated from external baths and
smaller than the phase coherence length of the charge carriers. However, in addition
to this there are other, more subtle requirements. For instance, it is very likely that
several transport channels are open in both paths. For interference to occur these
channels must match in energy. Electrons whose energy matches only a channel in
one arm, propagate only along this path and actually do not pass an interferometer.
It is, however, not necessary that all channels are matched: the mismatching ones
just result in a background transmission so that the visibility of the Aharonov-Bohm
signal is reduced but can still be large enough to be observed. Such a background
current can also exist if only a single, fully coherent channel contributes. In this case
the transmission probabilities through upper and lower arm might differ and, as is
apparent from Eq. (2.6), this also causes a flux independent contribution.
Two theoretical approaches for the description of interferometers suggest themselves:
the scattering approach and the tunneling approach (Fig. 2.5). The models differ in
the way in which the interferometer is connected to the leads. In the scattering pic-
ture electrons first enter a “fork”, which splits up into the lower and the upper path.




(a) Scattering model of an ABI: electrons enter
first a beamsplitter and then the quantum dot.
L RΦ
(b) Tunneling model of an ABI: electrons enter
the dots directly from the leads.
Figure 2.5: For non-interacting electrons the tunneling model and the scattering model
of an ABI with one or two embedded quantum dots are equivalent.
tunneling model thus excludes multiple reflections at the interfaces. Under the as-
sumption of noninteracting electrons and interferometers small enough that no orbital
phases play a role it has been shown that the two models coincide if a specific symme-
try of the forks is assumed [5]. Different parameters of the fork can be absorbed in a
renormalization of the coupling parameters for the arms. In this thesis, the tunneling
approach is followed.
2.3.1 Interferometry with single dots
Embedding a single quantum dot in one of the arms of an interferometer conserves
coherence. Still, the introduction of a dot has influence on the transport properties.
First, the symmetry of the system has changed. This has impact on phase dependence.
Second, simply due to the fact that the electron has to pass an intermediate, localized
level, its phase changes. This effect should also be visible in the phase dependence of
the interferomter. Finally, if the electron is localized on the dot, there are additional
source of decoherence. Spin-flip processes constitute such a source that is immanent
in the system itself. Another arises if a charge detector is coupled to the dot. Since it
determines the electrons position, the question naturally arises whether coherence is
conserved. These questions will be adressed in the following sections.
Phase locking
In general two types of interferometers have to be distinguished: open and closed
interferometers. Photonic double slit interferometers are always of the first kind. They
are open in the sense that some of the injected photons can leave the interferometer
and neither arrive at the drain nor are they reflected to the source. They are instead
lost to the environment. In electronic interferometers open setups can be realized,
however it can also be arranged that all injected electrons reach the drain, which is
referred to as a closed interferometer. This is the kind studied in this thesis.
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which states that the linear conductance is an even function of magnetic flux. This
phenomenon is referred to as phase locking.
While the relation Eq. (2.9) holds in general, it has been shown that specific sym-
metries of the interferometer can be exploited to obtain more general relations [6]. In
the case of the single dot interferometer there are no such symmetries which would
lead to stronger statements.
Transmission phase of quantum dots
It is known from elementary scattering theory that a particle’s wave function receives
an additional phase upon scattering. This phase changes by π as the energy of the
impinging particle is tuned through a resonant level [7]. Regrettably this phase is not
accessible by studying the transmitted current, since it depends solely on the absolute
value of the wave function. What is more, a conductance measurement is not even
able to decide whether the transmission process was coherent or whether the phase
information was lost upon passing the level (as might happen upon scattering of the
electron inside the potential well). The transmission phase can be accessed only if the
stream going through the level is brought to interference with a stream that has not
passed the level.
Such an experiment was carried out by Yacoby et al. [8]. The device consisted of a
reference arm and a quantum dot in parallel (Fig. 2.6). The barriers of the quantum
dot were controlled by two quantum point contacts, while its electrostatic potential
was controlled by a third (plunger) gate. As a novelty, a metallic air bridge was
fabricated in a special lithographic process, that allowed to contact the area enclosed
by the two paths. The structure was tuned such that only a small number of modes
contributed in both arms. Conductance measurements showed clear Aharonov-Bohm
oscillations–the first demonstration that transport through a quantum dot has coherent
contributions. Upon tuning the electrostatic potential of the dot level, consecutive
Coulomb peaks could be probed. It could be therefore be expected that the change
of the transmission phase caused by tuning the level through resonance, as discussed
above, can be observed. Indeed, a change of the transmission phase by π at an energy
inside the resonance peak was found. However, the width over which the phase changes
is much (∼ 10 times) smaller than would be compatible with the simple scattering
picture, which predicts the width to be given by temperature (Fig. 2.6).
As has been discussed above in the context of phase locking, the conductance oscil-
lations of a single dot ABI are bound to be an even function of the magnetic flux. This
implies that the phase measured in the two-terminal setup of Ref. [8] can only be zero
12
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(a) Experimental setup for the measure-
ment of the transmission phase of a quan-
tum dot. Metallic gates appear as light
grey. One of them the plunger gate (P)
is used to defined the quantum dot, while
other gates are needed to define the inter-
ferometer paths.
(b) (top) Level broadening at T = 0 (dashed), at kBT > Γ
(dotted) and the experimental result (shifted up, solid).
(middle) AB-oscillations at the points marked in the con-
ductance peak. The phase jumps between 2 and 3. (bot-
tom) Phase behavior as the dot is tuned through two res-
onances (triangles and circles). The solid lines show the
behavior expected from the scattering picture.
Figure 2.6: Setup and results of the first experimental study of the phase lapse phe-
nomenon [8].
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or π and no width can be attributed to the change, precisely as observed (the observed
width can be attributed to inaccuracies, such as fluctuations of the dot potential).
In order to be able to observe the transmission phase it is thus necessary to devise
a different measurement scheme. For this purpose Schuster et al. employed a device
which resembled more an open double slit setup, in which phase locking does not
occur [9]. The conductance of the quantum dot was tuned to a value larger than in
Yacobi’s experiment. This made possible the measurement of AB-oscillations also in
the Coulomb valleys, a regime not accessible in the earlier experiment. Since phase
locking does not occur, the transmission phase of the dot is indeed accessible. The
phase shift of π upon tuning through resonance still appears.
Deep in the Coulomb blockade valleys no AB-oscillations are visible, but the phase
exhibits a peculiar behavior: it jumps back down by π to the value it had left of the
resonance. This phenomenon is referred to as “phase lapse”. It can be explained [10]
within the scattering picture, assuming all resonances to be of the same Breit-Wigner
form. However, since the experiment [9] was not carried out in the weak coupling
regime, it cannot be explained by this argument.
Studies of the phase lapse phenomenon are far too numerous to be discussed here
[11]. For instance, it has been described that the phase behavior is not the same for all
Coulomb peaks; the universal behavior discussed above holds only for large numbers
of electrons in the dot. For lower numbers mesoscopic features appear (caused, e.g..
by the dot shape) [12].
Partial coherence
In the presence of strong Coulomb interaction double occupation of a quantum dot is
prohibited and transport in the sequential tuneling regime is only partially coherent
[6]. This is reflected in the visibility of the Aharonov-Bohm signal in an interferometer
with an embedded dot. To understand the meaning and origin of partial coherence it
suffices to consider a single dot connected to two leads. The three possible processes
that transfer an electron through the dot are shown in Fig. 2.7. For brevity only
processes in wich the electron injected from the source has spin up are discussed, since
processes with spin down in the source are similar.
(a) The dot is initially empty. An electron (spin up in the figure) tunnels onto the
dot, resulting in a virtual occupation and then leaves again.
In case the dot is initially occupied, the strong Coulomb interaction requires this
electron to leave to the drain before a second electron can tunnel in from the source.
(b) If the dot is initially occupied with a spin up, since the spin of the entering
electron is also directed up, the dot final state of the dot is indistinguishable
from the initial state.
(c) If the initial state of the dot is a spin down state, the co-tunneling process will






Figure 2.7: Transport through a quantum dot in the co-tunneling regime is only par-
tially coherent. The solid lines indicate processes which happen before
those indicated by dashed lines. While the processes shown in (a) and (b)
are coherent, process (c) flips the spin on the dot, i.e., it leaves a “trace in
the environment” and is thus incoherent.
In contrast to the first two processes (a) and (b) the spin flip process (c) leaves a “trace
in the environment” (in the language of decoherence—here the environment is just the
dot itself) and allows to distinguish between entering and leaving electron. It is thus
incoherent.
In summary, all processes starting from an empty dot are coherent (a), while only
half the processes starting from an initially occupied dot are coherent. The above
argumentation was based on co-tunneling transport through a quantum dot. The
situation in an interferometer with a quantum dot embedded in one arm is slightly
different. Interference takes places between two amplitudes: one for transport through
the dot and one for the reference arm. The contribution for transport through the
dot is the amplitude belonging to a co-tunneling process and therefore exhibits the
above-mentioned coherence effects. This means that the amplitude belonging to the
incoherent processes cannot contribute to Aharonov-Bohm interference. As a result the
amplitude of the conductance oscillations as a function of magnetic flux (the visibility)
depends on whether the dot is singly occupied or empty.
Experimental results confirm this view [13]. Figure 2.8 shows the measured value of
the Aharonov-Bohm visibility for two succesive Coulomb peaks. Both peaks are asym-
metric: in the region between the peaks the dot is singly occupied and the visibility
is reduced. The dip near the peak maximum is not related to partial coherence, but
rather owed to the phase shift of π as the dot is tuned through resonance (Sec. 2.3.1).
In the absence of interaction more processes are possible if the dot is initially occu-
pied: as intermediate state also double occupation of the dot is allowed. This gives
rise to processes similar to (b) and (c). One of them is spin conserving, while the other
flips the spin. Thus the number of incoherent processes on both sides of the Coulomb
peak is the same and the visibility is the same.
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Figure 2.8: Visibility of the Aharonov-Bohm signal as a function of gate voltage as
measured in Ref. [13] (b). Between the two Coulomb peaks (dashed lines),
the interference is reduced since the dot is singly occupied. The upper
panel (a) shows the oscillations over which the visibility was averaged to
give the result shown in panel (b).
2.3.2 Interferometry with double dots
The second system studied in this thesis consist of an Aharonov-Bohm interferometer
with one quantum dot embedded in each arm, also called a parallel double quantum
dot. Double quantum dots are of interest in quantum computing, as will be discussed
in the following section. Since two levels are coupled to the same drain, interference
may result in completely blocked transport not only on behalf of the Aharonov-Bohm
phase. Instead, coherent population trapping may occur, which is strongly reflected in
the transport properties.
Entanglement generation
Since the proposal of Loss and DiVincenzo [14] quantum dots have been examined
in the context of quantum computing. The spin of an electron on a quantum dot
may serve as a representation of one qubit. The strength of this approach lies in its
scalability: it is expected that without undue effort larger arrays of qubits can be
manufactured, which is a requirement for a powerful quantum computer. Since for a
quantum computer logical gates need to be implemented that control a single qubit
but also several qubits at a time, the minimal system size consists of two qubits, i.e.,
a double quantum dot. In order for quantum computation to be possible it is not only
required to have several qubits accessible, it is furthermore necessary to be able to
bring these qubits into an entangled state. For parallel quantum dots is has recently
been suggested how an entangled eletron pair can be generated in non-equilibrium
situations [15, 16].
Two different setups have been proposed, in both of which the two dots are connected












(b) All-electronic realization of coherent pop-
ulation trapping.
double occupation of each dot is prohibited. Naturally, no Coulomb interaction is
assumed between the dots, so that double occupation of the system is possible if each
dot contains one electron. Entanglement of these electrons is shown to be manifested
in an increased population of the singlet state in comparison to the triplet states.
In the first scheme, the energy levels of both quantum dots are initially above the
Fermi level of the single connected lead. The transient dynamics of the system state
upon quickly pushing the levels below the Fermi energy are studied. Ideally, the double
dot is then charged solely with a spin singlet. In case the dots are not equally coupled
to the leads, are detuned in energy or there is a singlet-triplet relaxation mechanism
the singlet probability is reduced and a finite probability of triplet occupation appears.
The second scheme consists in connecting each dot to one additional drain lead. This
allows a current to be passed through the system. Analogous to the above situation,
in the stationary limit singlet occupation is preferred over triplet occupation.
In summary, it is possible to generate an imbalance between singlet and triplet
in a non-equilibrium situation by means of the interplay of coherent tunneling and
Coulomb interaction. The mechanism is similar to coherent population trapping, which
is described in the following section.
Coherent population trapping
The phenomenon of coherent population trapping (CPT) originates from quantum
optics [17] but can occur in any quantum mechanical system with two coherent states.
It is a quantum mechanical effect in which decay of the system from a specific state is
prevented due to interference. The effect consists in the formation of a “dark” state,
a coherent superposition of the system states that decouples from driven transitions.
In the context of optics it appears in so called Λ-systems (Fig. 2.9(a)
The basic effect requires three states, two ground states (|1〉, |2〉) with energies
ǫ1, ǫ2 < 0 and one excited state |0〉 with energy ǫ0 = 0 (Fig. 2.9(a)). In order to
excite the transitions |1〉 ↔ |0〉 and |2〉 ↔ |0〉, the system is exposed to two classical,
monochromatic fields of frequencies Ei = ei cos(ωit + φi), i = 1, 2. These fields, how-
ever, are slightly detuned from resonance by an amount ~δi = ǫi − ~ωi. Employing
the rotating wave approximation the transitions are then governed in the interaction
picture by the Hamiltonian HI(t) = −12
∑
i Ωie
i(δit−φ1) |0〉 〈i|+H.c. where the strength
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of the coupling is defined by the Rabi frequencies Ωi. Then, the following linear com-






Ω1 |1〉 − eiφ(t)Ω2 |2〉
)
with φ(t) = (ω1 − ω2)t+ φ2 − φ1. (2.10)
It turns out that if both fields are detuned from resonance by an equal amount, δ2−δ1 =
0, the state |dark〉 decouples from the light field, i.e., the system cannot be excited to
|0〉.
An all-electronic realization of CPT was proposed in Ref. [18]. The three levels are
naturally represented by three strongly interacting quantum dots in a Λ-configuration,
i.e., one dot is coupled to a lead and the other two dots, while the other two dots are
connected to a second lead (Fig. 2.9(b)). The inter- and intra-dot Coulomb interac-
tion is assumed to be large enough that the entire system can be occupied by at most
a single electron. Electrons entering the system from the source lead can enter the
symmetric and antisymmetric combination of the dot levels, |1〉 ± |2〉. The antisym-
metric combination corresponds to the “dark state”: transitions to the third dot are
prohibited by destructive interference. Transport in the opposite direction is always
possible. This allows operation of the system as a rectifier.
The counting statistics of the triple dot CPT system have been calculated [19]. Noise
is enhanced, since transport is interrupted once the dark state is occupied, so that the
system exhibits bunching. A more detailed analysis can be found in Sec. 3.1.1. The
influence of an Aharonov-Bohm phase on the transport properties has been discussed
in Ref. [20]. There the two dots, which contain the dark state, were also connected
directly. The dark state still forms, but the Aharonov-Bohm-phase allows to tune away
the destructive interference, leading to periodicities in the counting statistics.
Phase locking
As has been discussed above for the single dot interferometer, the linear conductance of
any two terminal interferometer is always an even function of magnetic flux, Eq. (2.9).
There it was also mentioned that stronger statements can be made for systems with
appropriate symmetries [6]. The double dot interferometer studied in this thesis has
such a symmetry. The symmetry arises from a specific choice of the dot-lead coupling
strengths: the coupling strengths between a given lead and each of the dots are equal,
while the coupling strengths between the double dot and different leads are allowed
to be different (Fig. 2.9). Furthermore the dot levels are assumed to be energetically
degenerate. As can be seen from the figure, the system is symmetric with respect to a
rotation about the horizontal axis. This results in the relation
I(V, φ) = I(V,−φ), (2.11)
which means that the current is even in the magnetic flux. It is straightforward to
extend this argument to higher cumulants of the current distribution, so that the entire
probability distribution of charge transfer is symmetric under flux reversal.
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Figure 2.9: The double quantum dot interferometer is symmetric under rotation about
the horizontal axis This allows to extend phase locking to arbitrary volt-
ages. The different shading of the arms indicate different dot-lead coupling
strengths.
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Due to the granularity of the electronic charge any current measurement is subject to
noise. The origins of noise are manifold and may lie in the measurement apparatus,
but also in the system itself. Thus, even if the apparatus was working perfectly, the
searched for effect might be covered by noise. This is the reason why noise is in general
considered a nuisance and measures are taken to reduce its influence. While this is often
justified, it overlooks the fact that in some kinds of noise information about the system
is encoded. This information may augment information present in the current, so that
system parameters are determined more precisely. It may also contain additional
information not present in the current. For this reason current noise in mesoscopic
systems has been extensively studied [21, 22, 23]. Below, some of the constituents of
current noise are discussed. While the first are usually considered disturbances, the
last example, the shot noise, contains information about the conduction process.








∆Iˆ(t+ t0)∆Iˆ(t0) + ∆Iˆ(t0)∆Iˆ(t+ t0)
〉
, (3.1)
where the symmetrization is necessary due to the quantum nature of the current op-
erators, ∆Iˆ(t) = I(t)− 〈Iˆ〉.
3.1 Types of current noise
Transport studies in condensed matter physics are often carried out in semiconductors,
in which the generation-recombination or random telegraph noise (RTN) can occur. Its
origin lies in fluctuations in the number of charge carriers, which are caused by the
continuos generation and recombination of electron and hole pairs [24]. If the timescale
at which this trapping occurs is labeled τ , the noise has a Lorentzian dependence on
frequency, S(ω) ∼ τ/(1 + ω2τ2) [25]. It can therefore be avoided by measuring at
sufficiently high frequencies.
A more obstructive source of noise is the flicker noise, which is also called 1/f -noise
since it depends on frequency with a power law S(ω) = 1/ωα with an exponent α close
to unity. It is a very general form of noise, found not only in electronic systems, but in
many physical, biological and even economic systems. The theories for its explanation
are as numerous as the situations in which it appears [26]. A frequently applicable
model assumes the current to continually switch between two states, caused by, e.g.,
motion of a scatterer between to stable positions or (de-)ionization of an impurity.
Many such bistable impurities will then result in 1/f -noise [27]. Flicker noise can
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be avoided in experiments by measuring at frequencies even higher than necessary to
avoid random telegraph noise.
A noise form of more fundamental physical origin is equilibrium noise or Johnson-
Nyquist noise. Together with shot noise, it can be explained in terms of the scattering
theory [28, 29, 31]. The basic assumption is that the conductor can be regarded as
consisting of independent transmission channels, each with a transmission probabil-
ity Tn. These are found as the eigenvalues of the product of the transmission matrix
and its Hermitian conjugate, i.e., in a one-dimensional conductor the transmission T
is just the absolute square of the transition matrix element, T = |t|2. With this the
conductance of a two terminal device can be written as the product of the transmis-
sion probability, the conductance quantum e2/h and a factor two for spin. The total








In a similar way, an expression for the noise can be calculated. It generally depends

















Therein the frequency dependence has been suppressed, as it will always be done in
the following, by taking the noise at zero frequency.
The equilibrium contribution (at V = 0) was called “Wa¨rmerauschen”, i.e., thermal
noise, by W. Schottky who first analyzed it during the study of electron noise in vacuum
tubes. It is also known as Johnson-Nyquist noise, named after the experimentalist [33]
and theorist [34], who first studied it in electric circuits. It is frequency independent (up
to the quantum limit at kBT/h) and related to the linear conductance G as SI2(V =
0) = 4kBTG according to the fluctuation-dissipation theorem. It is of purely classical
origin: in absence of a transport voltage the charge carriers still possess thermal energy,
which allows them to pass the junction in both directions. While this does not generate
an average current, it still causes current fluctuations. Thermal effects also appear
in higher even cumulants of the current distribution function, but not in the odd
cumulants. In particular the third moment is insensitive to them.
At higher bias voltages, the influence of Johnson-Nyquist noise steps back behind
the shot noise (called “Schrotrauschen” by Schottky). This term was coined since
the origin of shot noise lies in the granularity of charge. The crossover, described by
Eq. (3.3), is shown in Figure 3.1. At high voltages, the noise becomes proportional
to the current, which allows to define the quotient of the two F = S/2eI, called the
Fano-factor [35]. As can be seen from Eq. (3.3), within scattering theory the Fano-
factor of a single channel conductor is F = 1 − T , i.e., noise is suppressed. This fact
is also referred to as partition noise: additional order is introduced in the current,
since the incoming electron stream is divided into a reflected and a transmitted part
(cf. Fig. 3.2).
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Figure 3.1: Noise of a non-interacting conductor of transmission T = 1/2 as obtained
from Eq. (3.3). In absence of a bias voltage the equilibrium noise assumes
a value of twice the conductance quantum divided by temperature due to
spin degeneracy. For large voltages the equilibrium noise is unimportant
and noise increases linearly, resulting in a constant Fano-factor 1− T .
Figure 3.2: Shot noise for a barrier transparency T = 2/3, resulting in a Fano factor
of F = 1/3
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Experimental isolation of shot noise is challenging: on the one hand the measure-
ment frequency has to be high enough to overcome 1/f - and random telegraph noise,
but on the other hand at higher frequencis the noise of the measurement apparatus
becomes important and may obscure the system’s behavior. The first successful mea-
surements were by Reznikov and Kumnar in quantum point contacts [36, 37]. Due to
conductance quantization, the transmission probabilities of practically all channels in
a QPC are either close to zero or close to unity. Eq. (3.3) then predicts that noise
is very strongly reduced. Later a more stringent test could be performed by Cron et
al. in an aluminum break junction [38]. The junction was considerably narrower, so
that only three channels contributed. The measurement conformed very well with the
theoretical prediction based on the knowledge of the transmission {Tn}, known from
the current voltage characteristic in the superconducting state.
As will be discussed later (Sec. 3.2.2), in double barrier structures noise is usually
reduced, since while one electron occupies the intermediate region, the passage of
other electrons is hindered. This effect indeed complicates the observation of full shot
noise in mesoscopic, semiconductor based tunnel barriers: it is not unlikely that the
tunnel junction contains a localized state (due to impurities or potential disorder).
Since this state effectively forms a double barrier structure between the leads, for low
transmission of the (intended) tunnel contact transport is dominated by the behavior
of the localized state, which leads to noise suppression below the Poissonian value
[39, 40] (the reverse may also be true, see below and [41, 42]). Recently however, full
shot noise was also observed in semiconductor based barriers [43], simply by making
the barriers very small, so that the probability of impurities appearing in the junctions
is reduced.
An early success was achieved by Birk et al. in ungated structures consisting of
nanoparticles between a STM tip and a substrate, nicely demonstrating the crossover
from thermal to shot noise [44]. Recent results in self assembled InAs quantum dots
also coincide well with theory both if several dots [45] or single dots are contacted [46].
Results for single electron transistors, i.e., gated double barrier structures, were found
in carbon nanotubes [47], in a regime where co-tunneling plays an important role. In
metallic SETs noise was measured both in high bias regimes [48] and at lower bias
voltages, where the influence of Coulomb interaction was clearly visible [49].
3.1.1 Mechanisms of noise enhancement
Usually electronic noise is suppressed below its Poissonian value as mentioned above:
the partition noise, caused by electrons being either reflected or transmitted at a
junction of a given transmission reduces the Fano factor. The magnitude of suppression
is quantified by the Fano factor F = S/2eI (the factor of two arises due to contributions
of negative and positive frequencies in Eq. (3.1)) [35]. In the case of uncorrelated events,
such as in tunnel junctions of vacuum diodes, the Fano factor assumes the value 1.
This is called the Poissonian value, since for a Poisson process all cumulants are equal,
κ1 = κi. The generating function is SPoisson = t0κ1(e
iχ − 1). A deviation from the
Poissonian value is a hint to correlations between the individual transport events.
A suppression of the Fano factor is the usual case, which was also historically first
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observed and understood; in general terms it corresponds to correlations due to in-
creased order in transport. Correlations may be introduced by Coulomb repulsion
between the charge carriers, but it is strongly screened in metals (and semiconduc-
tors). More important for the generation of correlations is the Pauli principle, which
prevents double occupation of electronic states and gives rise to Fermi statistics in
thermal equilibrium. In vacuum tubes and tunnel junctions it is not influential, since
the average occupation of a state is too small. Otherwise, it causes antibunching of
electrons - in contrast to photons, which tend to bunch together in the same state due
to their Bose statistics. Both bunching for bosons and antibunching for fermions have
been experimentally observed in Hanbury Brown-Twiss experiments, even within the
same apparatus [50].
Entangled electrons
This does not mean that electrons may never appear in bunches. In fact, the re-
quirement for the Fermi wave function to always be antisymmetric applies to the total
wave function. Only the spatial component needs to be symmetric for bunching to
be possible: If the spin part of the wave function was antisymmetric, the spatial part
would automatically be symmetric, resulting in bunching. An antisymmetric spin wave
function is realized in a two-particle singlet state |↑, ↓〉 − |↓, ↑〉. Correspondingly sin-
glet states tend to bunch together like bosons, while the other two-particle states, the
triplets, show fermionic antibunching.
The effect was observed by injecting particles into a beam splitter and measuring
the cross correlations of the outgoing beams [51, 52] and has been predicted to also
be visible in the noise [53, 54]. More recently, it was discussed theoretically how the
effect manifests itself in the counting statistics of electrons propagating along a single
channel [55, 56, 57].
Quasiparticle transport
While the appearance of super-Poissonian noise due to the Pauli principle is rather sub-
tle, more down-to-earth reasons can also result in enhanced noise. The most straigh-
forward examples are those in which quasiparticles are transported that do not carry
the elementary charge. In this case the Fano factor is directly related to the num-
ber of charges per elementary event. A prominent example of such quasiparticles are
Cooper pairs consisting of two electrons such that the elementary transported charge
is twice the electronic charge. The charge transferred in an individual transport event
is reflected in the Fano-factor (cf. Sec. 3.2) and, indeed, in a superconducting quantum
point contact Fano factors of 2 were measured [58] (Fig. 3.3).
However, not in all systems is the current carried by just a single type of charge car-
rier. It is known, that in superconductor-superconductor junctions multiple Andreev
reflection occurs, which results in transmission of multiples of the elementary charge
[59, 60]. Another example consists in quantum dots operated in the Kondo regime,
where both single- and double-quasiparticle scattering occurs. Since both processes
contribute, the Fano factor is neither 1 nor 2, but assumes the intermediate value of
5/3 [61, 62, 63].
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Figure 3.3: Bunching of cooper pairs leads to enhanced noise since the charge trans-
ferred in a single event is increased by a factor of two in comparison to
electrons.
Interrupted transport
Bunching may also appear if correlations between electrons are not due to an external
mechanism that modifies the effective charge, but are rather introduced in the trans-
port process itself. A frequently found mechanism consists in a second level to the
level through which transport occurs. The second level interrupts transport by means
of Coulomb interaction, when it is occupied. A prototypical example has already been
mentioned above: Djuric et al. [42] described a system in which one level is coupled
to source and drain leads, but also to an additional, otherwise uncoupled level. While
Rabi oscillations of a single particle are possible, occupation of both levels costs a
charging energy. If the bias voltage supplies energy in excess of the charging energy,
the Rabi oscillations become unimportant, since occupation of the lead-coupled dot is
always possible. In this case the noise assumes the value expected for a double barrier
structure. However, in the regime of single occupation, the noise is enhanced beyond
the Poissonian value: The mechanism behind this is essentially that the electron oc-
cupying the two levels can not tunnel through the drain, while it occupies the second
dot and - on the other hand - no other electron can pass through the lower dot, due
to Coulomb interaction. Thus, transport is blocked. Since periods of zero current
alternate with periods of finite current, the system exhibits bunching (Fig. 3.4). This
kind of bunching is different from the form mentioned above in the context of super-
conductivity: While there the charge of quasiparticles was larger than the electronic
charge, here the charge transferred in a single bunch is undefined and can vary from
one to many. Similar effects were predicted in [64] and observed in Refs. [41, 65].
These systems represent the extreme case of systems in which several levels partici-
pate in transport with different coupling strengths: one level is completely decoupled.
If both levels couple to the leads, transport is not completely interrupted, but occurs on
different timescales for the two levels. Such a system has been described by Belzig [66]
in an energetically degenerate single level quantum dot with energy conserving tunnel
contacts. If the energetic level degeneracy is of the order of the temperature, the drain
Fermi level may be tuned such that the two spin states couple with different rates to
the drain, since they experience a different occupation of the lead states. Through cal-
culation of the full counting statistics it was even possible to demonstrate that electron
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Figure 3.4: Transfer of electrons in bunches leads to super-Poissonian noise also if the
bunches are not all of the same size. This contrasts the effect in Fig. 3.3,
where quasiparticle transport leads to a Fano factor that equals the multiple
of the elementary charge that constitutes a quasiparticle. In the artificially
constructed example shown here, the value is only loosely related to the
varying number of charges transferred in a bunch.
bunches contribute with any value of charge.
A very similar effect involving several states was observed by Gustavsson et al. [67].
In the experiment two levels with similar energies both lie in the thermal broadening
of the Fermi distribution of the source lead. Since they are different orbital states
and have different spatial extension, these levels couple differently to the leads. For
the same reason they influence the tunneling rates for electrons to tunnel in a third
state. For proper values of the tunneling rates this leads to the system eventually
being trapped in one of the two almost degenerate states for a long time, so that
transport is suppressed. Once this trapped state has decayed to the leads, electrons
tunnel through the system until the next trapping occurs. This effect is reminiscent
of the setup described in Ref. [68], where super-Poissonian statistics were found in
a parallel double quantum dot. Similar effects can be expected whenever multiple
levels participate in transport. As the internal dynamics get more involved (e.g., in
molecules [69, 70]), more and more features appear in current and noise, requiring
careful analysis.
Different coupling of specific states can also be obtained by attaching the dot to
ferromagnetic leads: the spin-dependent density of states in the leads results in spin-
dependent tunneling rates. Depending on the relative alignment and polarization of
the lead magnetizations, super-Poissonian noise can occur both with one [71] and two
[71, 72, 73] leads being ferromagnetic. In parallel double quantum dots connected to
ferromagnetic leads, co-tunneling may result in super-Poissonian noise [74].
At this point it is already clear that the mechanisms for enhanced noise are plentiful
and are not restricted to mere Coulomb interaction or different tunneling barriers. In-
deed any mechanism that interrupts transport will do the job. Among the more exotic
examples are bistabilities [75, 76]. These can for example be realized in nanoelectrome-
chanical systems, such as a quantum shuttle. The system has two different transport
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mechanisms: tunneling through the oscillating island and shuttling, i.e., the island’s
spatial oscillation between source and drain transfers the electrons. At the transition
between the two regimes enhanced noise is expected [77]. A similar mechanism, re-
lated to phononic degrees of freedom is found in Franck-Condon blockade, where the
the transition rates depend critically on the phononic state of the system. The system
can be trapped in a low-lying phononic state, since the transition rates for electrons
and phonons are suppressed. Once the system has left the ground state, these rates
increase, so that, if phononic relaxation is weak, transport increases exponentially due
to self-enhancement [78]. Only after relaxation to the ground state transport is sup-
pressed again, so that electrons pass the system in “avalanches”. The authors derived
a fundamental relation that expresses the Fano factor in terms of the time between










This expression allows to understand the value of Fano factors in different systems. It
has been applied in the context of a spin blockade mechanism that occurs in magnetic
molecules [79]. It also explains noise enhancement in a system, where electrons are
injected onto a quantum dot from a normal source lead, but leave to a ferromagnetic
drain lead [71]. For high polarizations the electrons belonging to the minority electrons
of the drain are trapped on the dot for a long time, while their probability to be
injected is equal to that of the majority spins. Correspondingly the majority spins are
transported in avalanches of N electrons with a probability 1/2N , giving rise to Fano
factor of 3.
In serial double dots [80] an effect known as Pauli spin blockade reduces transport [81,
82]. The scheme is complicated but essentially relies on the fact that with two electrons
occupying the double dot in a triplet state, decay to the drain lead is suppressed, while
it is possible for the singlet. The studies did not focus on noise, but where rather trying
to develop a method for spin to charge conversion, a technique required for spintronics
and in quantum information processing. Still, the mechanism should also be able to
generate super-Poissonian noise, the value of which is determined by the rate with
which the triplet relaxes into a singlet. Furthermore, in serial double quantum dots
coherence effects are known to produce enhanced noise [83, 84, 85]
In triple-dot geometries where the dots are set up in a triangular configuration
coherent population trapping can occur. An electron can occupy a specific linear
combination of two of the levels, the so called dark state. In the case of a symmetric
system the dark state is just the antisymmetric combination of the levels. It is called
dark since destructive interference prevents its decay into the third dot. In case the
system occupies this state, transport is interrupted until the state decoheres. This
mechanism was shown to also result in enhanced noise [19].
Enhanced noise in parallel double quantum dots
In parallel double quantum dots with normal leads enhanced noise was predicted by a
number of authors who studied spinless electrons with Coulomb interaction between the
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dots [86, 87, 88]. In all cases the noise enhancement can be understood by considering
the symmetric and antisymmetric combination of the dot levels. The antisymmetric
combination of the levels couples less strongly to the leads. Thus, if the antisymmetric
state is occupied, Coulomb interaction prevents transport through the other state.
This leads to an interruption of transport and, therefore, enhanced noise. In some of
the studies the coupling of both states is finite [86, 88]. In contrast, in Ref. [87] the
weakly coupled state decouples completely in the case of energetically degenerate dot
levels and the Fano factor diverges.
For completeness it has to be mentioned that another author also studied spin-
less electrons with interdot Coulomb interaction [89] and predicts no super-Poissonian
noise, but rather only enhanced normalized cumulants (in particular the third) in the
regime of single occupation. The enhancement has to be understood relative to the
value in a similar system in which interference is not possible.
Also through the mechanism of channel blockade, driven transitions between two
levels may give rise to enhanced noise [90]. The same authors described an effect
similar to that in Ref. [66] in parallel double dots, where asymmetric lead coupling due
to thermal smearing gives rise to enhanced noise [91].
To the author’s knowledge there is only one study predicting enhanced noise in
parallel double quantum dots that takes into account the spin of the electron [92]. In
this model interdot coupling was assumed. This leads to an energy splitting of the
doubly occupied states: the singlet state is lowered in energy compared to the triplet
states. For specific voltage settings this energy splitting results in different coupling
strengths for singlet and triplet, which in turn result in super-Poissonian statistics.
Note that the Fano factor remains finite, in contrast to the results presented in Sec. 6.
3.2 Theory of full counting statistics
The concept of full counting statistics has its origin in quantum optics. Mandel [98]
and Cook [99] studied the emission of photons from an atom under the influence of a
resonant field that stimulates emission. Later the concept was realized to be useful also
in mesoscopic physics, where the transmission of single electrons through a conductor
could be counted [100]. The motivation is that the counting statistics might reveal
information not contained in the average current and autocorrelator.
Indeed this is possible in the case of diffusive conductors, features were predicted in
the frequency dependent third cumulant at a frequency corresponding to the inverse
of the diffusion time through the contact [93]. Similar predictions were made for the
third cumulant of transport through chaotic cavities: a feature was found at the inverse
dwell time of the cavity [94]. This is remarkable in so far as the second cumulant does
not contain such information, it rather shows features only at the inverse RC-time of
the cavity [95].
It has also been argued that the zero frequency third cumulant allows a more accurate
determination of the transmitted charge q of a tunneling quasiparticle, to which it is
related as κ3 = q
2κ1, also at high temperatures [96, 97].
A statistical process is fully characterized by its probability distribution. The full
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counting statistics aims at the calculation of this distribution for the statistics of the
charge transferred through a conductor. In this case the probability distribution is
given as the probability P (N, t) that N charges have passed the conductor after time
t. A quantity that is often easier to calculate than the distribution P (N, t), but contains
the same information is the generating function12







This generating function describes the distribution of transmitted particles, not charge.
If the statistics of charge was sought for, the transformation kernel would have to be
eiχeN , since each electron carries the charge elementary charge e.
The generating function allows calculation of the n-th cumulant κn by taking the








The cumulants are related to the moments µ′k = N
k (not the centralized moments) by













This implies that the first three cumulants coincide with the central moments µn =
(N −N)n, n = 1, 2, 3.
The first cumulant is just the average transmitted charge, i.e., current times count-
ing time. It represents the peak position of the distribution in Fig. 3.5. The sec-
ond cumulant of the charge fluctuations is similarly related to current fluctuations by
κ2 = t SI2/e
2. It represents the width of the distribution. The third cumulant, called
skewness, describes the asymmetry of the distribution: The Poisson distribution has
positive skewness, which means that the right tail (for larger N) is longer (in other
words: the mean is greater than the median). The fourth cumulant is related to the
normalized moments as κ4 = µ4−2µ22. The fourth cumulant divided by the second cu-
mulant κ4/κ2 is called kurtosis and measures the sharpness of the distribution’s peak:
the sharper the peak, the higher the curtosis. Knowledge of these cumulants alone is
of limited value in the context of mesoscopic systems. If the charge transported in an
elementary transport process is not the electron charge, this is one information that
is contained in the low order cumulants: the Fano factor κ2/κ1 is proportional to that
elementary charge–if only under the condition that the elementary charge is the same
for each transport event.
1In this definition S(χ) has a different sign compared to some of the literature, e.g., [23].
2Both the cumulant generating function and the shot noise power (Eq. (3.1)) are conventionally
labeled S. This convention is also followed in this thesis. Which of the quantities is meant,
becomes clear from its arguments.
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If several elementary processes with different charges exist, this information cannot
be extracted directly from the cumulants, but it is contained in the generating function.
since it allows to identify the underlying transport mechanisms. For instance, if the
generating function can be written as a sum, all terms of the sum can be understood
as generating functions for processes, which are independent from each other. This is
readily understood by noting that the probability for the transfer of N charges can
be decomposed into K charges having been transferred by process 1 and N − K by
process 2. If the two processes are independent, the joined probability is the product





Fourier transformation results in the desired relation




A further quantity that is easily extracted from the generating function is the number
or particles that are transferred in a single event. It is reflected in the periodicity of
the generating function. Assume that only bunches of N0 charges can be transferred.
In other words, the probability for the transfer of any number of particles that is not a









Correspondingly its periodicity is changed from 2π to 2π/k.
The theoretical approaches for the calculation of counting statistics are to numerous
to be mentioned here and only the result of a seminal work by Levitov et al. [100]
will be discussed in Sec. 3.2.3. For the inclusion of the counting field the concept of a
“Larmor clock” was introduced. It consists of a spin that precesses in the magnetic field
which is caused by the fluctuating current. The coupling strength between this spin
and the current turns out to enter the calculation as the counting field. Each passing
electron causes the spin to rotate by a specific angle, so that the total precession angle
is related to the number of electrons that have passed. Measurement of the precession
angle thus allows access to the cumulant generating function. Within a scattering
approach, the statistics of a single channel conductor are derived.
3.2.1 Single barrier: Poisson and binomial processes
Processes in which the system’s behavior at a time t depends only on the state of the
system at time t and not at earlier times are called Markov processes. Simplifying even
further, such that the behavior does not even depend on the system state at time t
results in the Poisson process. It is fully described by a rate Γ, with physical examples
being vacuum diodes [101] and tunnel junctions.
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Figure 3.5: The distribution of the Poisson process shifts to higher values of trans-
mitted charge as time increases. At the same time it spreads out and
approaches a Gaussian shape due to the central limit theorem. The lines
are guides to the eye only.
A master equation may then be formulated for the probability that N charges have
been transferred at time t
d
dt
P (N, t) = Γ [P (N − 1, t) − P (N, t)] . (3.11)
Assuming that transport (and counting) starts at time t = 0, the solution is
P (N, t) = Γ
∫ t
0
dτe−Γ(t−τ)P (N − 1, τ) + e−ΓtP (N, 0). (3.12)
Inserting the initial values P (N, 0) = δN,0 and P (N < 0, t) = 0 (since particles are not
transferred back) results in




This distribution is plotted in Figure 3.5. As time increases the distribution shifts
towards higher N and spreads out. The shift occurs linearly with time, such that the
maximum after time t lies at Γt.





so that the generating function is
S(χ, t) = tΓ(eiχ − 1). (3.15)
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It is obvious that all cumulants are proportional to time and equal to each other,
κn = tΓ. (3.16)
This explains the shift and spreading out of the distribution in Fig. 3.5. It implies that
the cumulants, normalized to the average current, are all equal to unity, κn/κ1 = 1.
Since the Poisson process describes uncorrelated events, it serves as a useful reference
point to characterize correlated events, for which noise may be in- or decreased.
Such correlations can be introduced by simply changing the number of particles
transferred in a single event [102] (see also Sec. 3.1.1). An example is the fractional
quantum Hall regime, in which the Fano factors 1/3 [103, 104] and 1/5 [105] have been
reported. Other examples, in which noise is enhanced, have already been discussed in
Section 3.1.1.
The Poissonian distribution is a special, limiting case of the binomial distribution.
The binomial distribution describes the statistics of events with two outcomes, like
tossing a coin, or–more physically–passing a barrier. While for the coin toss the two
outcomes have equal probability, a barrier is described by probabilities for transmission
0 ≤ T ≤ 1 and reflection R = 1 − T . This is reminiscent of the discussion of noise
within the scattering theory in the previous section 3.1. Indeed, the partition noise
T (1− T ) is also found as second moment of the binomial statistics.






TN (1− T )M−N , (3.17)
where M = t eV/h denotes the number of attempts. Its expectation value is MT , its
second moment MT (1 − T ), in accord with the scattering theory results from above.
The generating function of the binomial distribution is a bit harder to find than for
the Poisson process, but readily written as
S(χ) =M ln
[
1 + T (eiχ − 1)] (3.18)
It is clear that for small transmissions T ≪ 1 the statistics of a tunnel process, i.e.,
Poissonian statistics should be recovered. While this relation is not at all clear from the
distributions P (N), is is easy to see from the generating functions: Merely expanding
Eq. (3.18) does the job and results in Eq. (3.15), identifying M = T Γ t.
3.2.2 Double barrier: master equation description
The next question to ask after knowing the statistics of transport through a single
barrier is how transport through a double barrier takes place. The simplest realization
of a double barrier system is a single level quantum dot, which can be empty or occupied
by a single particle. This system has been described in the literature in detail, even for
spinful and interacting particles [111], but it is instructive to give a basic derivation
here for non-interacting and spinless particles. Describing the occupations by a vector
P(N, t) = (P0(N, t), P1(N, t)) and assuming that the level is always only filled from
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one lead with a rate ΓL and emptied to another lead with rate ΓR, a master equation












P(N − 1, t) (3.19)
In order to find the solution of the equation it is helpful to perform a Fourier trans-
formation with respect to the transferred charge N . This introduces the counting field


















The appearance of the counting factor eiχ in the component responsible for the transi-
tion that leads to a change in the number of transferred particles justifies why later, in
Sec. 4.2, the counting field is introduced in the tunnel matrix elements of the Hamil-
tonian.
The solution is easily found to be P(χ, t) = etW(χ)Pin, with the initial state Pin.




i . In order to
be physical, all eigenvalues have a negative real part, so that their contributions to P
decay with time. For long times t the eigenvalue λ0 with maximum absolute value of
the real part dominates, so that the generating function can be obtained as
eS(χ) = eTP(χ) = eT ep0 tλ0 q
T
0 Pin (3.22)
where eT = (1, 1). Since p0 and q0 are left and right eigenvectors, their outer product
is a projector and the generating function becomes
S(χ, t) = ln
(
etλ0 (eT · p)(qT0 ·Pin)
)
= tλ0 + const. (3.23)
The constant is irrelevant for the calculation of the moments and thus the entire
statistics. The eigenvalue of the two-dimensional matrix W(χ) is straightforward to
obtain,
























2 for ΓL = ΓR
1 for ΓL ≫ ΓR and ΓL ≪ ΓR (3.26)
The introduction of a second barrier thus leads to a reduction of the current noise.
With each additional barrier, noise will be reduced further and further. This has been
34
3.2 Theory of full counting statistics
exploited by various authors to calculate the noise of a disordered wire, treating the
wire as an infinitely long chain of barriers [106, 107, 108], in which the Fano factor is
known to assume the value 1/3 [109].
Equation (3.24) is essentially the shot noise limit of the generating function found as
early as in 1996 by de Jong [110]. The difference lies in a factor of two, since de Jong
assumed two independent (spin) channels. While here only transport from left to
right lead was assumed, in the reference the generating function for a non-interacting
tunnel coupled quantum dot was calculated allowing for arbitrary bias voltages. This
results in a second term for transport in the opposite direction and “blocking factors”
consisting of Fermi functions:











where the Fermi functions are taken at the energy of the dot level. This result was
rederived by Bagrets et al. in Ref. [111] using a matrix technique that allowed also the
description of strong Coulomb interaction on the dot.
The generating function of the double barrier system fulfills the fluctuation-dissipation
relation that relates equilibrium noise and linear conductance:







A different approach to FCS for non-interacting particles is based on the scattering
theory [28, 29, 31]. While the noise calculations discussed earlier were based on the ex-
plicit evaluation of current autocorrelators, for the calculation of the counting statistics
a different technique has to be developed: a detector has to be coupled to the conduc-
tor that counts each charge as it passes the system. Levitov et al. used a precessing
spin for this purpose [100]: the spin is coupled to the current operator via a coupling
parameter which turns out to be the counting field. With this it was possible to derive
the generating function for transport of noninteracting electrons through an arbitrary
two-terminal setup in terms of the energy-dependent transmission probability T (ω)
per spin channel [100, 112],






1 + T (ω)
[
fL(ω)[1− fR(ω)](eiχ − 1)
+[1− fL(ω)]fR(ω)(e−iχ − 1)
]}
, (3.29)
where fL(ω) and fR(ω) are the Fermi functions of the left and right leads, respectively.
This result implies that electrons at different energies are independent, since the total
generating function is just the integral of contributions for each energy. Since the spin
channels are also independent, a factor of two appears outside the integral.
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[T (ω) (fL(ω)(1 − fL(ω) + fR(ω)(1 − fR(ω))]
+T (ω)(1− T (ω))[fL(ω)− fR(ω)]2 (3.31)
These are the same as obtained by direct calculation, (Eqns. (3.2),(3.3)). The first
part of κ2 constitutes the Johnson-Nyquist Noise, while the second part is the shot
noise contribution.
The first cumulant of current is the ordinary result known from scattering theory:
the current is proportional to the barrier transmission. The second cumulant also
recovers a known result: the partition noise. Interesting properties appear at first in
the third cumulant. In the shot noise regime (fL = 1, fR = 0) it reads
κ3 = M T (1− T )(1− 2T ) (3.32)
where M = t ehV denotes the number of attempts under an applied voltage V . For
transmissions larger than 1/2 the third cumulant becomes negative. While negative
cumulants do not appear in a Poissonian process they are by no means unusual for
other statistics. The fourth and higher cumulants of the double barrier system, for
instance, becomes negative for specific parameter. Merely the second cumulant is
positive in any system.
3.3 Measurement of full counting statistics
Noise measurements are always challenging due to unwanted contributions in the noise.
Some of these, originating from the system itself have been discussed above (e.g., 1/f -
noise). Others may originate from the measurement setup, since current and voltage
sources are unable to provide a stable signal. Matters are further complicated since
practically all probability distributions converge towards a Gaussian distribution for
large N . This means that high cumulants are suppressed and become increasingly
hard to measure for long measurement times. Also, the condition kBT ≪ eV requires
that the sample remains cool while a high voltage is applied.
In the following sections three measurement schemes for higher cumulants will be re-
viewed. The first approach relies on conventional noise measurements. It runs into the
problem of large feedback effects of the measurement apparatus on the sample which
completely obscure the desired signal. The second section discusses the use of thresh-
old detectors for current fluctuations and their realization in Josephson junctions. The
third section finally discusses a series of experiments that have successfully measured
the counting statistics of specific systems containing quantum dots, by observing the
individual electrons passing the system in real time. It should be mentioned that a
fourth approach is discussed in the literature, which relies on coupling the system under
study to two level systems (double quantum dots). Also within this scheme feedback
effects have been addressed.
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Figure 3.6: Replacement circuit for the experiment of Ref. [113] and third moment as
a function of bias voltage for one of the measured samples.
3.3.1 Conventional noise measurements
An experiment that received much attention in its day, attempting to measure the third
cumulant in a current biased tunnel junction, was carried out by Reulet [113]. As it
turned out in the analysis, the sample could not be regarded as fully current biased,
nor as voltage biased, which gives rise to complicated corrections. A tunnel junction
was chosen, since its statistics are well known, so that the third moment that was to
be extracted from the measurement was known. The idea was to apply a current bias
to the sample and measure the voltage fluctuations. This does not result in the same
statistics as a measurement under voltage bias [114, 115] for which Poissonian statistics
are expected for a tunnel barrier. Instead, the voltage fluctuations under current bias
follow a Pascal distribution. Still, the mean current and voltage are trivially related
by Ohm’s law and the second moments are related by a simple scaling factor, which
depends on the device impedance. The third and higher cumulants, however, receive
corrections that are related to lower cumulants. The origin of these contributions
lies in the fact that the sample’s own current fluctuations induce a current drop over
the devices impedance, resulting in additional voltage fluctuations. The sample to be
measured can be modeled as a resistor R in parallel with current generator i (Fig. 3.6).
This current generator represents the fluctuations in current caused by the internal
dynamics of the sample and thus i constitutes the quantity that is to be measured.
In exactly the same way the measurement apparatus can be modelled by its finite
impedance Z and a noise generator i0 in parallel. Since these two devices are operated
in parallel, the total impedance of the circuit is RD = ZR/(R + Z). Correspondingly
the measured voltage V under current bias fluctuates as δV = −RD(i + i0). This
results in the voltage fluctuations being given as the rescaled current fluctuations (as
mentioned above), plus an additional term for noise originating from the measurement
device
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The third moment of voltage fluctuations is related to current fluctuations by the
same rescaling (first term), receives a term for voltage fluctuations induced by the
environment as above (second term) and also a contribution for the sample’s own
current fluctuations (third term). The analysis is further complicated by the fact
that signals in the coaxial cable, which connects sample and detector have a finite
propagation time, which becomes important at the high measurement frequencies.
In total, the undesired contributions turned out to be considerably larger than the
original signal, resulting in totally different behavior (the curve even has opposite slope
for one sample!).
A later experiment by Bomze et al. was performed in the voltage biased regime
(by increasing the junction resistance far beyond the input resistance) and was able to
accurately measure Poissonian statistics [116]. This experiment was precise enough to
be able to disprove predictions of a “quantum regime” for noise at low frequencies [117].
For this “quantum regime” it was predicted that, similar to the Johnson-Nyquist noise,
zero point fluctuations should result in additional noise, which would—in contrast to
thermal noise—affect also the third cumulant.
As a side remark it should be mentioned that it can easily be verified which moment
of fluctuations is actually measured, since each moment has a unique dependence on the
measurement bandwidth. Labeling the lower boundary frequency f1 and the upper f2,
the second moment is just proportional to the bandwidth f1 − f2, while the third is
proportional to (f1 − 2f2)2.
3.3.2 Josephson junction detectors for higher cumulants
Tobiska and Nazarov suggested the use of threshold detectors for the measurement of
counting statistics [118]. Higher moments have little influence on the distribution P (N)
in the vicinity of its peak, but rather affect the tails. Since the tails are exponentially
suppressed, the measurement of higher moments requires the detection of very rare
events. The idea is such that the detector gives a signal if the current exceeds a
certain threshold value during the measurement time. Josephson junctions can fulfill
this purpose. They consist of two superconductors in close proximity. A current lower
than the critical current Ic can be passed through the junction without inducing a
voltage drop. If the critical current exceeds this threshold value, the current is always
associated with a voltage, which is given by Ohm’s law for high currents. The system
dynamics can be understood as a particle in a tilted washboard potential
U(φ) = −EJ cosφ− (~I/2e)φ
with φ = φ1 − φ2 being the phase across the junction [119].
The particle can be excited out of the potential wells, by application of a current
to the junction higher than the critical current Ic. This leads to a voltage drop across
the junction. Detection of the voltage drop thus indicates that the current exceeded
a threshold. Such excitations originate naturally from a finite temperatures. Cor-
respondingly the temperature of the sample can be measured by sweeping the bias
current and recording the probability of a voltage pulse for each bias current. The
same principle can of course be used to measure fluctuations of the bias current [120].
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Figure 3.7: Setup of Ref. [124] for using a Josephson junction as a threshold detector
for the fluctuations δI of the noise source.
In a different regime of the Josephson junction, the excitation above the barrier is less
important and particles tunnel through the barrier instead of being excited over it.
This effect is referred to as macroscopic quantum tunneling. The noise of the input
current can be accessed since it affects the shape of the potential [121, 122].
A concrete setup is shown in Fig. 3.7. Three input currents are injected. The
first one IN + δI originates from the conductor to be studied and delivers the current
fluctuations. Since it also injects an average current IN , the negative current −IN
is also injected, such that (ideally) only the fluctuations remain. A third current
I0 is required to tune the junction close to its critical current such that the small
fluctuations can excite a voltage pulse. The measurement scheme consists in applying
several times a current I0 for a certain duration and counting how often a voltage
pulse occurs. This corresponds to probing one tail of the distribution. The opposite
tail can be probed by reversal of I0. Since odd cumulants affect the tails differently
this allows extraction of the third cumulant, but also even cumulants can be measured
with Josephson junctions [123].
3.3.3 Real-time detection of electrons by a QPC
Real-time detection of electrons in mesoscopic systems is a challenging task for two
reasons. Firstly the electronic charge is very small, so that very precise detectors are
required. Secondly electron dynamics are very fast, with timescales ranging between
pico- and microseconds. Observation of electron transport in real time has nonetheless
become possible in the last decade.
The historically first motivation for counting of single electrons was found in the
context of metrology [125, 126]. For this purpose it was important to generate a stream
of electrons as noiseless as possible. The ordered stream of electrons was created by a
series of junctions through which electrons pass one after the other, so that they exit
to the drain at a fixed frequency f . At this point, a single electron transistor (SET)
takes over the actual measurement task by detection of each single electron. Since
SETs are very sensitive to their electrostatic environment they allow very precise and
fast detection of the electrons [127]. The current carried by these electrons is I = ef .
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These experiments have little to do with noise measurements—in fact the reverse is
true: measures where taken to actively reduce noise in the system under study: the
stream of electrons. Yet, the experiments demonstrated the possibility to detect single
electrons in real time (at frequencies up to 10MHz).
The fact that a SET allows very accurate determination of the number of electrons
on it has been exploited also in measuring the charge of a single quantum dot directly
connected to source and drain [128]. Owing to the high bandwidth of the SET-detector,
real-time detection of electrons passing the quantum dot was possible. While this setup
is not relevant for metrology, it allowed extraction of the quantum dot’s tunneling rate
and occupation probabilities from the time trace of the dot’s occupation, which were
recorded with a bandwidth of still 1MHz.
Despite the great success of SETs in the real-time detection of electrons, for the
analysis of counting statistics a different detector device was used: the quantum point
contact. It has been described as early as in 1989 [129] and realized in 1993 [130] how
a quantum point contact side coupled to a quantum dot is able to detect the electronic
state of the dot. The mechanism is similar to that of detection with SETs: The
transmission of the QPC is very sensitive to its electric environment. It is usually tuned
by adjusting the voltages on plunger gates that control the width of the constriction.
However, not only the negative potential of the plunger gates affects the transmission—
also charges in the vicinity, i.e., on a quantum dot, reduce the transparency of the QPC.
If the gate voltages are tuned such that only one channel is open in the QPC and that
this channel’s transmission is near 1/2, the QPC current is very sensitive to additional
charges, so that already a single electron will block transmission through the QPC. By
observing the time trace of the QPC current it is thus possible to observe electrons
charging and discharging the dot.
This technique has been used in the context of quantum information processing
where single shot read-out of individual spins is of great importance [131, 132]. Nonethe-
less it is also useful for the measurement of full counting statistics: since the time
evolution of the dot’s occupation is known, it is possible to reconstruct the probability
distribution of charge transfer. In order to be sure that electrons enter the dot always
from one lead and leave always to the other it is advisable to apply a high bias voltage
to the dot (In absence of a bias voltage, analysis of the time trace yields nothing but
Johnson-Nyquist noise [67]). In the large bias regime however the statistics of the
system can be reproduced from the time trace alone [133, 134]. What is more, this
matching was achieved without fitting parameters, since the tunnel rates to source and
drain can also be reconstructed from the time trace, by measuring the time spans be-
tween two consequent jumps of the current. These times correspond to the tunneling
times and follow an exponential probability distribution [67, 133].
The restriction to the high bias regime was necessary since the QPC detects only that
electrons occupy the dot but is insensitive to the direction from which they come or to
which they leave. This restriction can be overcome, if a serial quantum dot is measured
[135]. The QPC is placed so close to both dots that an electron occupying either of
the dots influences the transmission. However, the dots affect the QPC transmission
differently, resulting in the current taking on three distinct values: one for an electron
in the first dot, another for an electron in the second dot and a third for both dots being
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|0, 0〉 |0, 1〉
|1, 0〉 |1, 1〉
ΓL ΓR ΓL ΓR
eiχ ΓD
ΓD
Figure 3.8: Motion of the finite-bandwidth detector.
empty. Since electrons tunnel from the lead only onto the nearest dot (co-tunneling
through the dots is suppressed) it is known in which direction an electron traverses
the system and the requirement of high bias voltages can be dropped.
QPC-charge detectors for counting statistics have also been employed to observe co-
tunneling effects in serial double dots [136, 137]. In the latter case, the electrons could
propagate along two different paths in the co-tunneling process, so that an Aharonov-
Bohm effect could be observed. It has also been possible to realize a DQD detector
for frequency selective photon-noise [138] as suggested in Ref. [139]. Furthermore it
has been demonstrated how cross-correlation measurements can be used to reduce the
QPC-current and still maintain the same signal-to-noise ratio [140]. This is feasible
since it reduces the backaction of the QPC on the system. Finally, the same detector
could be implemented in graphene [141].
Finite bandwidth detector
The noise measured by the QPC detector is slightly lower than expected. The reason
lies in the finite bandwidth of the detector: if two tunneling events occur in quick
succession, i.e., the dot state changes only for a very short time, the detector is too
slow to notice and an electron has passed the system without being detected. In
order to describe this effect the counting statistics has to be calculated with specific
consideration of the detector [142, 143]. The key idea lies in doubling the system’s
Hilbert space by introducing states |α, β〉, where α labels the states of the system under
study and β labels the state of the detector. The high-current state corresponding to
an empty dot is called β = 0, the low-current state with an electron on the dot β = 1.
If additional detector states are needed (e.g., for the double dot system of Ref. [135]),
they can be incorporated in the same way.
Modeling the detector motion requires the introduction of an additional rate ΓD
with which the detector follows the system state. For the quantum dot example of
Ref. [143] the transitions are illustrated in Fig. 3.8. The dot is charged with rate
ΓL and discharged with rate ΓR. This happens regardless of the detector state. In
order to obtain the counting statistics of the detector, the transitions |1, 0〉 → |1, 1〉 are
counted. These describe the detection of the occupied dot. Calculation of the counting
statistics for this model can be carried out as usual.
The counting statistics obtained in this way for a quantum dot in the shot noise
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regime do not coincide with Eq. (3.24):












where Sdot denotes the generating function of Eq. (3.24) [143, 144]. The moments of
this distribution are suppressed in comparison to those of the ideal statistics expected
for an errorless detector. This has also been experimentally verified in Ref. [144] for
cumulants up to fifth order.
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systems
This chapter introduces the techniques used in this thesis for the calculation of the
counting statistics of tunnel coupled, interacting systems. Central to the approach is
a real-time diagrammatic technique, which allows the description of non-equilibrium
transport phenomena in nanoscale systems. The system is split up in reservoir regions
and interacting regions (quantum dots), which are weakly coupled. The time evolution
of the system is described by a generalized master equation for the reduced density
matrix of the interacting region. The kernel of this integro-differential equation can
be calculated by a systematic perturbation expansion in the tunnel coupling strength,
as described in the first section of this chapter.
In the second section this approach is extended to be suitable for the calculation of
full counting statistics. For this purpose all quantities are also made dependent on N ,
the number of transferred charges. Then, the generating function can be related to
one of the eigenvalues of the the master equation’s kernel. Since the eigenvalue is in
general impossible to obtain analytically for matrices of dimensions higher than four1,
an alternative, recursive scheme for the calculation of the cumulants is introduced.
4.1 Real-time transport theory
The study of transport through interacting systems is not a simple task and calls for
simplifications. It is generally useful to split the system up into an interacting and a
non-interacting part. Depending on the coupling of these parts, different formalisms are
applicable [146, 147, 148]. Both experimentally relevant and theoretically interesting
is the case of weak, i.e., tunnel coupled leads, that inject and extract electrons into the
interacting region. Under these circumstances the simplest approach is the golden rule
theory, also called “orthodox theory”. It is a lowest order perturbation theory, which
captures only sequential tunneling (cf. Sec. 2.2)[2, 149, 150, 151, 152].
The orthodox theory reaches its limits when higher order processes play a role. This
happens for larger tunnel couplings, e.g., when the Kondo effect comes into play, but
also at intermediate coupling strength in the co-tunneling regime, when the lead po-
tentials are not in resonance with the energy levels of the intermediate system, so that
Coulomb blockade occurs. An extension to higher orders is required for the descrip-
tion of co-tunneling, asking for more advanced techniques. Additionally, also in lowest
order perturbation theory the orthodox theory runs the risk of missing effects [153],
1The eigenvalues of five-dimensional matrices can be solved using Jacobi’s theta function [145]. The
solutions obtained in this way are of limited value for the calculation of counting statistics.
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which, although present in the Hamiltonian [154] might not be expected to appear in
lowest order perturbation theory.
The diagrammatic method introduced in this section allows to systematically ex-
tend the perturbation theory to higher orders of the coupling, e.g., the co-tunneling
regime [16, 155, 156, 157]. Under specific circumstances even a resummation of di-
agrams for arbitrary orders in the coupling strength can be carried out. This is the
case in the resonant tunneling approximation [158, 159] and in presence of super-
conducting leads with a large order parameter [160]. The approach starts from a
formally exact equation for the reduced density matrix of the interacting region. In
particular it describes the complete density matrix, i.e., also off diagonal elements
[15, 153, 155, 161]. The kernel of this equation is expressed as a series of irreducible
diagrams on the Keldysh contour and calculated via a set of rules that are specific to
the system [162, 163, 164] For the calculation of the counting statistics they contain
in particular prescriptions on how to include the counting factors. In absence of these
component the kernel can be interpreted as generalized transition rates or self-energies.
In the following sections a Hamiltonian for several single level quantum dots tunnel-
coupled to leads will be introduced, allowing also for additional direct coupling of the
leads. The perturbative expansion of the generalized master equation is then performed
and the set of rules is given.
4.1.1 Model for a quantum dot with two leads
Two systems are to be examined in this thesis, both consisting of (one or two) quan-
tum dots connected to two electronic reservoirs. Therefor, for the introduction of the
diagrammatic technique a model is chosen which allows to describe both. Despite
this specification, the method can be applied to a broader range of systems including
metallic islands [157], superconducting [160, 165] and ferromagnetic leads [153, 161]
and transport regimes (e.g., pumping [166, 167, 168, 169]). Its key idea is to split
the system into reservoirs and an (interacting) intermediate region and integrate out
the reservoir degrees of freedom to obtain an exact kinetic equation for the density
matrix of the intermediate system. The kernel of this integro-differential equation can
then be calculated by means of a systematic perturbation expansion in the system-lead
coupling [162, 163, 164].
Correspondingly the Hamiltonian is in general split up into three parts, describing
leads (Hres), intermediate region (Hsys) and tunnel coupling (HT ):
H = Hres +Hsys +HT (4.1)
The first part Hres is a sum of contributions for each reservoir r. Each contribution












where a†rkσ and arkσ are creation and annihilation operators for electrons in reservoir r
with momentum k, spin σ and energy ǫrkσ.
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The intermediate region in the present case consists of several single-level quantum









iσciσ + Uini↑ni↓ , (4.3)
where c†iσ and ciσ are the creation and annihilation operators for the dot. The energy
levels ǫi are assumed to be spin independent. A further assumption is made with
regards to the interaction: while electrons on the same quantum dot are subject to the
Coulomb interaction Ui, electrons on different dots are regarded as non-interacting. In
principle such an interaction could also be introduced. Since its impact on the further
argumentation consists only in limiting the class of allowed diagrams and it leaves the
general arguments unchanged, such an interaction is neglected, in particular since in
the systems studied in Chapters 5 and 6 no such interaction is required.
The third part HT = HT1 + HT2 describes spin conserving tunneling of electrons

















The counting fields are introduced by replacing the tunneling amplitudes as trik →
trike
±iχri and t˜rs → t˜rse±iχrs . The sign of the counting field depends on the branch
of the Keldysh contour on which the tunneling term appears. Details will be given
in Sec. 4.1.3 on page 49. Details on the relation between the counting field for the
junctions χr and the counting field χ for transport through the system as a whole can
be found in Chapters 5 and 6.
In lowest order perturbation theory several golden rule transition rates can be con-
structed from these Hamiltonians. The lowest order for transport through the dot
is described by the rate Γri/~ = 2π/~
∑
k |trik|2δ(ω − ǫrk). Combining terms from
Eq. (4.4) and Eq. (4.5) results in the lowest interfering order from Ch. 5, which has
the rate |tref|√ΓrΓs/~, with the dimensionless parameter |tref| = 2π|t˜|√ρrρs and the
density of states ρr.
4.1.2 Perturbation expansion in the tunnel coupling
Starting from these tunneling Hamiltonians a perturbative expansion in the tunnel
coupling can be performed. For this purpose the tunneling part of the Hamiltonian
is assumed to vanish for times earlier than an initial time t0. Correspondingly the
system’s density matrix is assumed to factorize into parts for the reservoirs and the
intermediate system
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In the course of the argumentation t0 will be sent to −∞ and the tunneling Hamil-
tonian will be turned on adiabatically. Since the reservoirs are assumed to be so
large that they are unaffected by tunneling in or out of (relatively few) electrons, they
can be assumed to always remain in equilibrium. They are thus always described
by the grand-canonical ensemble ρres = exp (−β(Hres −
∑
r µrnˆr)) /Zres with the con-
stant electrochemical potentials µr, inverse temperature β = 1/(kBT ) and the number
operator nˆr.
At the initial time t0 the occupation of the intermediate system may be chosen




µ = 1), since in the stationary
limit, where t0 is shifted to −∞, all physical quantities become independent of the
particular choice of ρ0. For special systems whose Hamiltonian is charge and/or spin-
conserving, if the initial density matrix is diagonal in charge and/or spin space this
property is conserved for all times.
In the interaction picture, where operators evolve under the free Hamiltonian H0 =
Hsys +Hres, the expectation value of an operator evolves according to




















with the time- and anti-time ordering operators T and T˜ . With the help of the Keldysh
technique, the two time integrals can be condensed into one, employing the Keldysh














The Keldysh time ordering operator orders all following operators with respect to the
Keldysh time, such that “earlier” operators appear to the left of operators “later” with
respect to Keldysh time, without introducing sign changes. As indicated in Fig. 4.1,
the Keldysh time starts at t0, runs up to the time t along the upper contour and
then back to t0 along the lower contour. The Keldysh time ordering operator thus
distributes operators on both parts of the contour.
Now, since the initial density matrix was assumed to separate into lead and system
parts, the leads can be easily treated as equilibrium reservoirs by performing the trace





















It consists of propagators forwards and backwards in time, which become connected
by contractions of the lead operators in the tunneling Hamiltonian. Instead of this
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A(t)ρ0(t0)
Figure 4.1: The Keldysh contour consists of a horizontal line running right from time
t0, changing direction at time t and running back left to t0. Lead operators
appear as dots and crosses (cf. p. 47). Their contractions are denoted by
tunneling lines, while dot operatores cannot be contracted and are treated
explicitly by labeling the contour segments with the dot occupation.
literal interpretation, it is more intuitive to think of the contour as describing the
whole density matrix: In this case the diagram has to be read from left to right and
at each (real) time t the system state is described by a density matrix ρνµ = |µ〉 〈ν|,
where ν is the state on the upper and µ on the lower contour.
The expression for the reduced propagator serves as a starting point for an expansion
























HT (t1)IHT (t2)I . . . HT (tm)I
]
where t1 > t2 > . . . > tm is to be understood in the Keldysh sense. This expansion
can be symbolized by a Keldysh diagram:

























































The horizontal lines represent forward (from t0 to t) and backward (from t to t0)
propagators. On these time paths internal vertices from lead operators ar(t), a
†
r(t) in
the tunneling Hamiltonian are arranged, represented by solid dots. These operators
change the charge state of the dot. Another class of internal vertices, represented by
crosses, represents terms of the Hamiltonian describing direct tunneling between the
leads, Eq. (4.5). These operators do not affect the charge state of the dot.
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Figure 4.2: Diagram contributions to the self-energy. The leftmost diagram is of first
order in the dot-lead coupling and describes sequential tunneling. The
two diagrams to its right are of second order in the dot-lead coupling and
describe co-tunneling. The two rightmost diagrams are of first order in both
dot-lead and lead-lead coupling (the “cross”-vertex) and describe lowest-
order interference between the path through the dot and direct tunneling
between the leads.
Wick’s theorem allows to contract pairs of lead operators. These contractions are
represented by tunneling lines connecting destruction and annihilation operators. They
are directed away from “dot”-vertices corresponding to an operator a†rkσ(t)cσ(t) de-
scribing the tunneling of an electron from the dot to lead r and towards dot vertices
correspoding to an operator arkσ(t)c
†
σ(t) for creation of an electron on the dot. The
case of the “cross”-vertices is analogous: a “cross”-vertex corresponds to the operator
pair a†r(t)as(t), so that due to the order of creation and annihilation operators the line
entering the vertex (from lead s) must appear at an earlier Keldysh time. This may
give rise to a crossing of tunneling lines (e.g., in the left diagram of Fig. 4.2). The
number of tunneling lines present in a diagram corresponds to its order: the first line
shows diagrams of conventional first and second order in Γ, the second line shows a
lowest order diagram for mixed contributions of order |tref|√ΓLΓR.
Only the lead operators can be treated by Wick’s theorem, as the operators for dot
electrons appear as quartic terms in the Coulomb interaction term. They are taken
care of by an exponential factor eiǫχ∆t with ǫχ being the energy of the intermediate
system’s state and ∆t the time interval during which this state exists on the Keldysh
contour. Depending on the order of creation operators in the definition of a state
containing multiple electrons further minus signs may be induced (e.g., in case ciσ acts
on the doubly occupied state defined as c†iσc
†
iσ |0〉).
Each tunneling line corresponds to the expectation value of a product of one creation
















with the Fermi function f+r (ǫ) = f(ǫ−µr) for reservoir r with chemical potential µr and
f−r (ǫ) = 1− fr(ǫ). Each crossing of tunneling lines yields a minus sign. Such crossings
can in particular occur due to the requirement for lines to enter “cross”-vertices before
they leave (w.r.t. Keldysh time).
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4.1.3 Diagrammatic rules for counting statistics
It is more convenient to carry out the calculations in energy space. In order to perform
the transformation from time to energy space, the vertices of a diagram are ordered
from left to right and labeled by τj (j = 1, 2, . . . , n). Then the Keldysh contour
integrals can be written as ordinary integrals, with a minus sign for each internal















· · · 1
∆ǫn + i0+
. (4.15)
Here ∆ǫj is the difference of all energies going to the left minus all energies going to
the right in the segment limited by τj and τj + 1. This means the energies of upper
and lower propagator as well as of tunneling lines. A convergence factor e0
+τ1 was
introduced to account for adiabatically switching on the tunneling Hamiltonian. In
addition there are operators changing dot and lead states at the times τj .
Rules for the self-energy parts in energy space
Now rules can be formulated for the calculation of diagrams of arbitrary order. Since
for the calculation of the counting statistics only the self energy is needed, we formulate
the rules explicitly in absence of any operators A(t).
1. Draw all topologically different diagrams with tunneling lines connecting vertices
on either the same or opposite propagators. Assign to the four corners and all
propagators the state indices (i, σ) (dot i is occupied with spin σ) and the cor-
responding energies ǫiσ, as well as an energy ωr to each tunneling line belonging
to lead r.
2. For each time interval on the real axis confined by two neighboring vertices,
assign the resolvent 1/(∆ǫ + i0+), where ∆ǫ is the energy difference of left-
minus right-going tunneling lines or propagators.
3. Add factors (−1) for each vertex connecting a multiply occupied state to a singly
occupied one as required by the order of operators in the definition of the multiple










r (ωr) . (4.16)
with positive (negative) sign when the tunneling line is going backward
(forward) with respect to the Keldysh contour. These factors come from the
contraction of two lead operators in the tunnel Hamiltonian and resemble
the transition rates predicted by Fermi’s golden rule. Depending on the
time ordering, the transition rate is proportional to the Fermi distribution
f+ for electrons or f− = 1− f+ for holes.
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b) Assign to each “dot” vertex on the upper contour a tunneling amplitude tri.
For a “cross” vertex on the upper contour assign t˜rs, if the line originating
from lead s goes into the vertex and t˜∗rs if it goes out. For vertices on
the lower contour the same rules apply, just taking the complex conjugates
instead.2
c) Introduce the counting fields by replacing the tunneling amplitudes as tr →
tr e
±iχr and t˜ → t˜ ei(±χL∓χR), where the upper (lower) signs are taken on
the upper (lower) contour.
d) Sum over the leads.
5. The diagram gets a prefactor of (−1)b(−1)c, where b is number of internal vertices
on the backward propagator and c the number of crossings of tunneling lines.
Note that c must also include crossings arising from the order of lines entering
the “cross”-vertices.
6. Integrate over all energies ωn of the tunneling lines.
In the sequential-tunneling regime for dot-lead coupling each diagram contains only
one tunneling line. Therefore, only one energy integral appears, which can be calcu-




ω − ǫ+ i0+ = −iπ
∫




ω − ǫ . (4.17)
The lowest order for interference between dot-lead and lead-lead tunneling contains
two resolvents. Examples of such diagrams are discussed in Appendix A.
4.1.4 Generalized master equation
For the calculation of the counting statistics, knowledge about the time evolution
of the system is necessary, in particular the transition rates between different states
are required. They are accessible by the diagrammatic technique discussed in the
previous section. In order to access the density matrix of the system, these rates can
be summarized in a formally exact master equation.
A component of the density matrix is expressed as
pχ1χ2(t) =
〈|χ2〉 〈χ1| (t)〉 . (4.18)







(t′, t), which describes
the evolution of the dot subsystem in the Keldysh picture from state χ′1 at time t
′
forward to χ1 at time t and then backwards from χ2 at time t to χ
′
















2Rules 4 a) and b) together are equivalent to assigning Γri for pairs of “dot” vertices as done in other
works, e.g., [153, 162, 170]. However, here the phases of tunnel matrix elements are explicitly taken
into account. This is necessary due to the special nature of the cross “vertex”, which allows single,
unpaired matrix elements to appear.
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= + ΠΠ Π0Π0 W
Figure 4.3: Dyson Equation for the reduced propagator.








































Figure 4.4: The self-energy is the sum over all irreducible diagrams in which any ver-
tical cut intersects at least one tunneling line with the given states at the
ends.
For the propagator a Dyson equation (Fig. 4.3) can be formulated, which relates it
to the free propagator Π(0)
χ1
χ2(t
























































In the diagrammatic language the self energy is the sum of all “connected” diagrams,
where “connected” means that any vertical cut crosses at least one tunneling line (see
Fig. 4.4), while the free propagator contains no tunneling lines.




, summing over the states χ′1, χ
′
2 and taking































In case of a diagonal density matrix or energetic degeneracy of the states participating
in the off-diagonal elements, the equation simplifies further since the energy difference
(Eχ1 − Eχ2) drops out.
4.2 Non-markovian counting statistics from a master
equation approach
Among the large number of theoretical approaches to full counting statistics (cf.
Sec. 3.2), many start from a master equation description [20, 66, 99, 111, 171, 173,
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174, 175, 176, 177, 178]. They all share the central statement that the generating func-
tion is related to the eigenvalue of the master equation’s kernel. One of these works,
Ref. [173], has made a statement about the origin of non-Markovian effects: First, the
full non-Markovian generating function was obtained in a way that in a second step it
could be shown that the non-Markovian effects appear only in higher-than-lowest order
in any small parameter. In this way a hierarchy of non-Markovian contributions could
be established, each level corresponding to a certain order in the expansion. Since the
present thesis is based on this approach, its central steps are repeated in the following
sections.
The starting point is a master equation for the system’s density matrix, which is
assumed to be diagonal, so that its components can be arranged in a vector p(N, t) =
(ρµ1µ1 , ρ
µ2
µ2 , . . .). In comparison to the previous section, the probabilities receive the
additional variable N . It describes the number of charges that have passed the system
after time t, so that pµµ(N, t) is the probability to find the system in state |µ〉 after
time t with N charges having been transferred. The probability for the transfer of N
charges, regardless of the final system state, can then be expressed as P (N, t) = eT ·p,









Now, the problem is broken down to finding p(N, t) after a given time. For the
description of its time evolution Eq. (4.21) has to be extended to include the number








W(N −N ′, t′, t)p(N ′, t′) (4.23)
The kernel also receives a number dependence and describes transitions in whichN−N ′
charges are transferred. Without explicit time dependence of the system parameters
the kernel only depends on the time difference t − t′ and the entire master equation
can be Laplace transformed W(N, z) =
∫∞
0 dt exp (−zt)W(N, t). Furthermore, the








With these transformations the convolution in the master equation turns into a
product
zp(χ, z) − pin = W(χ, z) · p(χ, z), (4.24)
with pin denoting the initial state. The solution is the easily found to be p(χ, z) =∑∞
n=0(W(χ, z))
n/zn+1pin. Assuming that the kernel decays in time faster than any
power law, all derivatives ∂/∂zW(χ, z) exist and the kernel can be replaced by a Taylor





n|z=0 zm/m!. Since the long-time behavior of
p(χ, z) is determined by its poles in z, the inverse Laplace transform can be carried













4.2 Non-markovian counting statistics from a master equation approach
Now a spectral decomposition of the matrix W(χ, z) can be performed. In order
for it to describe a physically reasonable system the real parts of all its eigenvalues
must be negative. Due to the exponential dependence in Eq. (4.25) this means that
the influence of all eigenvalues decays with time, so that in the long-time limit only
the eigenvalue λ(χ, z) with smallest absolute value of the real part remains influential.
To complete the spectral decomposition the corresponding left and right eigenvectors
are needed, W(χ, z)p0(χ, z) = λ(χ, z)p0(χ, z) and q
T
0 (χ, z)W(χ, z) = q
T
0 (χ, z)λ(χ, z).
Unitarity of W(0, z) implies that λ(0, z) = 0 for all z. This property ensures that the
generating function fulfills probability normalization S(0) = ln
∑
N P (N) = 0.













where the eigenvectors enter in the combination µ(χ, z) = ln(eT · p0(χ, z))(qT0 (χ, z) ·






















With this the final relation between generating function and the eigenvalue of the

















t + const. (4.27)
The integration constant is independent of time and can therefore be neglected in the
long-time limit. Since in the long-time limit system properties must not depend on
the initial conditions, the quantity µ which contains pin, drops out in the last step and
the generating function depends only on the kernel’s eigenvalue.
4.2.1 Non-Markovian Expansion
Memory effects are completely included in Eq. (4.27), since it was derived allowing for
a time dependence of the kernel, whose only restriction was that it had to decay faster
than any power law, so that all derivatives ∂nz λ(χ, z) exist. Since different orders of
these derivatives enter the generating function, it is possible to define a hierarchy of


















Each term Sn contains derivatives with respect to z, applied n + 1 factors of λ. The
lowest order term S0 contains no derivatives, so that it does not contain any time
information of the kernel. It is the Markovian result
S0(χ) = t λ(χ, z = 0). (4.29)
The strength of the non-Markovian expansion becomes apparent when performing
in addition an expansion in a small parameter, e.g., in the tunnel coupling as described
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(i)(χ, z) and the lowest order contribution to the generating function
is just the Markovian part S0(χ) = tλ
(1)(χ, 0). In order to capture non-Markovian
effects, transport thus needs to be analyzed in higher-than-lowest order.
Still, also in higher orders of the small parameter an upper bound is put on the non-
Markovian orders. It is clear from Eq. (4.28) that the current I = ∂iχS(χ)|χ=0 cannot
contain non-Markovian effects, since the eigenvalue and all its z-derivatives vanish for
χ→ 0.
These two observations in combination allow to make the statement that the highest
derivative of the eigenvalue that is needed to calculate the n-th moment in m-th order
perturbation theory, ∂kzλ(χ, z)|z=0, is of the order k = min(m,n) − 1. For the special
case of second order the appearance of these derivatives has also been described in
Ref. [69].
For the present work, since only transport in lowest order in the tunnel coupling
is considered, the generating function is always given in the Markovian limit by the
kernel’s eigenvalue.
4.3 Perturbative approach to counting statistics
The technique described in the previous section is often hard to apply, since already
for systems slightly more complex than a single level quantum dot, the density matrix
grows in size very quickly. While exact solutions for eigenvalues of matrices up to the
dimension four are known, for larger systems it is in general impossible to obtain an
analytic form of the eigenvalue. For special cases efficient numerical techniques are
known, but to analytically access the cumulants a different path can be taken. This
approach was derived by Flindt et al. [171, 172] and consists in finding a formally
exact expression for the generating function by Brillouin-Wigner perturbation theory.
This expression can then be used to obtain analytic expressions for the cumulants
in terms of the kernel W (which is regarded as the perturbation), its left and right
eigenvectors 〈0| and |0〉 and its pseudoinverse R. This technique allows the description
of non-Markovian systems, but since the systems discussed here are Markovian (due
to the lowest order expansion in tunneling) a simpler derivation which holds only for
Markovian systems is given below.
The starting point is again the N -resolved master equation Eq. (4.23). Again, taking
the Fourier transform with respect to N , the kernel can be split into a constant part
W ≡ W(χ = 0) and a χ-dependent part W(χ) = W + W(χ). The projectors
P = |0〉〈0| and Q = 1−P are also needed.
The first step consists in realizing that the generating function λ(χ) is the eigenvalue
to eigenvector |0(χ)〉,
W(χ)|0(χ)〉 = [W +W(χ)] |0(χ)〉 = λ(χ)|0(χ)〉. (4.30)
If the nullvectors are chosen to be normalized 〈0|0(χ)〉 = 1 this implies
〈0| [λ(χ)−W] |0(χ)〉 = λ(χ) = 〈0|W(χ)|0〉, (4.31)
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Q [λ(χ)−W] |0(χ)〉 = QW(χ)|0(χ)〉. (4.32)
The latter relation together with the fact that W and Q commute implies
Q|0(χ)〉 = Q [λ(χ)−W]−1 QW(χ)|0(χ)〉 (4.33)
= −RW(χ)|0(χ)〉, (4.34)
where the pseudoinverse R = Q [W − λ(χ)]−1 Q was introduced. With |0(χ)〉 = |0〉+
Q|0(χ)〉 this results in
|0(χ)〉 = |0〉 −RW(χ)|0(χ)〉. (4.35)









Inserting this expression in Eq. (4.31), the eigenvalues λ(χ) (i.e., the generating func-
tion in the Markovian limit) is found to be
λ(χ) = 〈0|W [1 +RW]−1 |0〉 (4.38)
From this equation the cumulants can be calculated as usual by taking derivatives
w.r.t. χ (indicated by primes ′), so that expressions for the cumulants κi can be found












〈0|W′′′ − 3(W′′RW′ +W′RW′′)− 6(W′R(RW′P−W′R)W′)|0〉(4.41)
Therein the derivative of the pseudoinverse R′ = R2 ∂χλ(χ)|χ=0 was expressed in
terms of the second cumulant and P.
The power of this approach extends beyond what is needed in this thesis: it also
allows a quick and stable numerical calculation of high order moments.
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5 Single dot Aharonov-Bohm
interferometer
The current of electrons through a closed interferometer shows characteristic Aharonov-
Bohm oscillations. It follows from Onsager relations that the phase dependence of these
oscillation is even, if a non-interacting, single level quantum dot is embedded into
one arm of the interferometer. Since Onsager relations hold only for non-interacting
systems, the picture changes in the presence of Coulomb interaction, which gives rise
to a large charging energy in the quantum dot.
It has been predicted [6] and experimentally confirmed [13] that the interference
signal probed by the linear conductance is partially reduced in the parameter regime
where the quantum dot is predominantly singly occupied. The reason is that those elec-
trons transferred through the dot that flip their spin with the spin of the quantum-dot
electron do not contribute to the interference signal, while the nonspin-flip processes
do contribute.
It is therefore natural to expect that the full counting statistics will also display this
partial reduction of the interference signal due to spin-flip processes. In addition to this
it will be demonstrated that resonant processes that give rise to an odd φ-dependence
of the cumulant generating function occur and that even the FCS of the processes
with even flux dependence, present in the non-interacting case, is not bidirectional
Poissonian any more. Onsager relations are not violated since these resonant processes
do not contribute to the linear conductance (and equilibrium noise). These processes
have the interesting property that, for asymmetric tunnel couplings of the quantum
dot to the left and right lead, they display enhanced generalized Fano factors that can
be associated with the transfer of double charges.
The chapter starts with a specification of the model. The full counting statistics
of this model are then calculated in two ways: First the charges are counted as they
pass through the interfaces between dot and leads. In this case a number of interesting
properties of the interacting system are found. The third section analyses the counting
statistics of a different detector model where the charge state of the dot it monitored.
This is shown to affect the statistics both in the interacting and in the non-interacting
case.
5.1 Hamiltonian, density matrix and generating function
The system shown in Fig. 5.1 is described by a Hamiltonian consisting of parts for dot,
leads and tunneling along each path:
H = Hdot +Hleads +HT,dot +HT,ref . (5.1)
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Figure 5.1: The single quantum dot Aharonov-Bohm Interferometer consists of a quan-
tum dot tunnel coupled to two leads (with matrix elements tL,R). The leads
are directly coupled (tunnel matrix element t˜, so that two paths connect
the leads. These paths enclose a magnetic flux Φ.




σcσ + Un↑n↓, is described as an Anderson impurity
with a spin-degenerate electronic level ǫ and charging energy U for double occupation.
Both limits of strong (U ≫ kBT,Γ) and vanishing (U = 0) charging energy will be
discussed in the following.





rkσarkσ with indices for lead r ∈ {L,R}, momentum k
and spin σ ∈ {↑, ↓}.










t˜ a†RkσaLk′σ +H.c.. (5.3)
The first part describes tunneling between dot and leads, while the second accounts
for the reference arm. By appropriate choice of gauge the AB-phase φ = 2πΦ/Φ0 is
incorporated in the phase of the tunneling amplitude of the reference arm t˜ = |t˜| eiφ.
The strength of the tunnel coupling to the dot is characterized by the transition
rates Γr(ω)/~ = 2π/~
∑
k |trk|2 δ(ω − ǫr,k). For simplicity, the density of states ρr and
the tunneling amplitudes tr are assumed to be independent of energy, which implies
constant tunneling rates Γr/~. Furthermore, the total dot-lead coupling is defined as
Γ = ΓL + ΓR. The coupling of the leads via the reference arm is described by the
dimensionless parameter |tref| = 2π|t˜|√ρLρR.
In the case of small dot-lead coupling, Γr ≪ kBT , all quantities may be expanded
to first order in the tunnel couplings ΓL,R. Interference effects are included in lowest
order by continuing the expansion to the order |tref|ΓL,R. In order to be consistent the
order |tref|2 which describes transport through the reference arm only has to be also
included:
S(χ) = S(Γ)(χ) + S(|t
ref|Γ)(χ, φ) + S(|t
ref|2)(χ) . (5.4)
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The first and the third part describe tunneling through only the quantum dot and only
the reference arm, respectively. Interference is described by the second, flux-dependent
term.
It has been shown that non-Markovian corrections do not enter the cumulant gen-
erating function for the lowest-order term of a perturbation expansion in any small
parameter [173]. Since all three terms of Eqn. (5.4) are of lowest order in param-
eters Γ, |tref|√ΓLΓR and |tref|2, respectively, the entire generating function S(χ) is
Markovian [173].
To obtain the generating function Eqn. 5.4 the master equation’s kernel has to be
calculated to the orders Γ and |tref|Γ. This only allows to rigorously obtain the first
two terms. The last term which corresponds to the reference arm is accessible within
the diagrammatic approach, although it is not related to a change in the dot state
(cf. Appendix A). The diagrammatic results coincides with common knowledge that
transport through a tunnel barrier obeys Poissonian statistics [179]. The generating
function for arbitrary voltages describes left- and right-going tunneling events
S(|t








The prefactor consists of the probability for transfer of a single charge |tref|2 multiplied
by the number electrons impinging during the measurement time t0.
The other terms S(Γ) and S(|ref|Γ) must be calculated from the aforementioned master
equation (cf. Section 4.1.4). For this purpose the dot state is correctly described by the
occupation probabilities p0 for an empty dot, p↑ and p↓ for single occupation with spin
up and down. Double occupation (pd) is forbidden for large charging energy and has
to be considered only for U = 0. The probabilities are arranged in a four-component
vector p(N, t) = (p0, p↑, p↓, pd)
T , where the pi depend on the number of electrons N
that have passed the system after time t. Since the generating function is related to
the eigenvalues of the kernel matrix, it is desirable to keep the kernel dimensions as low
as possible to minimize the algebraical complexity. Owing to spin symmetry (p↑ = p↓)
the dimensionality can be reduced from four (U = 0) and three (U =∞) to two:
• The non-interacting system can be thought of as two independent spin channels,
each of which is described by an occupation vector (p0, p1)








The generating function obtained from this kernel also describes only a single
channel, but since the channels are independent and have equal properties, the
full generating function is obtained by simple doubling of the result.
• The occupation of the interacting system is best described by a three-dimensional
vector (p0, p↑, p↓)
T , where the singly occupied charge state further specified by
the spin of the electron. Since the Hamiltonian is spin symmetric, the transition
rates are the same as those used above in the non-interacting case. The kernel
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These kernels can now be calculated, starting from the Hamiltonian in Eq. (5.1) using
the diagrammatic real-time technique discussed in Sec. 4.1. Appendix A illustrates
the calculation of the diagrams for transport involving the reference arm with the
help of examples. For clarity the kernels are presented in the three-dimensional basis
(p0, p↑, p↓)
T . The kernel for a quantum dot without the reference arm W (Γ) has been






 −2fr(ǫ) [1− fr(ǫ)]eiχr [1− fr(ǫ)]eiχrfr(ǫ)e−iχr −1 + fr(ǫ) 0
fr(ǫ)e
−iχr 0 −1 + fr(ǫ)

 (5.8)
The counting fields χr are incorporated by replacing the tunnel matrix elements in
the Hamiltonian as tr → tr e±iχr/2 and t˜→ t˜ eiχ˜ with χL = −χR = χ˜/2 = χ/2, where
the positive (negative) sign is taken for vertices on the upper (lower) branch of the
Keldysh contour. This corresponds to a factor eiχ for electrons passing through the
dot from left to right lead and a factor e−iχ for the opposite direction.
























iχ − 1) + [1− fL(ω)]fR(ω)
ǫ− ω (e
−iχ − 1) (5.10)
B(χ) = fL(ǫ)[1− fR(ǫ)] eiχ − [1− fL(ǫ)]fR(ǫ) e−iχ (5.11)
C(χ) = fL(ǫ)[1− 2fR(ǫ)]ei
χ
2 − [1− 2fL(ǫ)]fR(ǫ)e−i
χ
2 (5.12)
D(χ) = [1− 2fL(ǫ)][1 − fR(ǫ)]ei
χ
2 − [1− fL(ǫ)][1 − 2fR(ǫ)]e−i
χ
2 . (5.13)
The processes appearing in the flux dependent part can be divided into two classes:
Processes changing the dot state [C(χ) and D(χ)] and processes that transfer charges
without changing the dot state. The latter may possess either off-resonant [A(χ)]
or resonant [B(χ)] nature and these differ in their dependence on magnetic flux. In
contrast to the sequential-tunneling term, counting fields appear on the diagonal of the
kernel since there are processes that transfer charges through the entire interferometer
while leaving the dot state unchanged.
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The kernel part describing direct, lowest order tunneling through the reference arm
is diagonal, since these processes do not affect the dot state.
W(|t






(eiχ − 1) + [(1− fL(ω))fR(ω)](e−iχ − 1)}
×





Since it is diagonal, its contribution to the eigenvalue is just additive and the eigen-
value (i.e., the generating function for transport through the reference arm S(|t
ref|2))






5.1.1 Physical interpretation of the transition rates as co-tunneling
amplitudes
The transition rates in Eqns. (5.10-5.13) are calculated with the real time diagrammatic
technique as discussed in Appendix A. This technique allows to rigorously include the
counting fields. Alternatively the rates can be obtained by golden rule arguments. In
lowest order for dot and reference arm this is straightforward, so that here only the
interfering order is discussed.
The special order of diagrams describing the interference processes turns out to
be composed of one amplitude for direct tunneling and one amplitude for tunneling
via an intermediate state. Calculation of the latter requires the use of second order
perturbation theory [7]. In perturbation theory the probability of transition dwfi from
an initial state i to a final state f , defined per density of final state dρf , through an









∣∣∣∣2 δ(Ef − Ei)dρf
where the integral dνf runs over all possible intermediate states and Vba are transition
matrix elements for a transition from state a to state b [7]. The system may either
perform the transition directly (Vfi) or via an intermediate state (the integral term).
In the system at hand both kinds of transitions appear. Consider processes trans-
ferring electrons from the left to the right lead (these constitute the diagonal of the
kernel of the master equation). An example in which the dot is empty in the initial
and final state is shown below:
1 2 2 1
+ LL RR ΦΦ
QDQD
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There are two such processes, differing in the intermediate state: Indicated in blue is
a direct transition along the reference arm, while the transition in red passes through
an intermediate state on the quantum dot. The numbers 1, 2 indicate the order in
which these processes appear: In the left diagram the dot is initially filled, while in
the right diagram it is initially empty. The rates of the processes can be calculated
in perturbation theory by evaluating the absolute square of the sum of the transition
amplitudes for the interfering paths:∫
dωLρL
∫
dωRρR δ(ωL − ωR)




∣∣∣∣VRL + VDLVRDωR − ǫ+ iδ
∣∣∣∣2
(5.15)
The tunnel matrix element VRL ∝ t˜ stems from transitions through the reference arm
(blue), while VRD ∝ tL and VDL ∝ tR describe transitions involving the quantum dot
(red). The integration over ωR is the integration over the final state, while that over
ωL runs over the initial states.
The direct transition via the reference arm does not require an intermediate state.
The other path’s initial state in the left lead has energy ω and due to energy conser-
vation this is also the energy of the final state in the right lead. Here, an intermediate
state is required: In the left process the dot is intermediately populated with an extra
electron, while in the right process an electron is removed from the dot and populates
the right lead. Since the two intermediate states differ, the denominators appear with
exchanged energies. However, in both cases there is just a single intermediate state,
so that the integration over intermediate states
∫
dν can be dropped.
Since the particular order t˜tLtR is of interest, only terms of the desired order have
to be retained in the evaluation of the modulus squared, i.e., only terms which contain
products of all three tunnel matrix elements. These products of tunnel matrix elements
give rise to products of Fermi functions fL(ω)(1−fR(ω)) and the integration over final
states
∫
dρf is transformed into an energy integration
∫
dω. The interpretation of the
Fermi functions is clear: For the process to be possible, electrons must be available at
this energy in the left lead [fL(ω)], while the right lead must be unoccupied [1−fR(ω)].
An additional minus sign is introduced in the right term due to the ordering of electron
operators in the tunnel matrix elements.
Taking all this into account the integral can be evaluated and results in a delta











+(L↔ R,φ↔ −φ) (5.16)
The reverse process for transport from right to left has been included by exchanging
the indices L and R and reversing the sign of the magnetic flux. This result coincides
with the rate found in Section 5.1, Eqn. 5.9, identifying A(χ) with the Cauchy part
and B(χ) with the resonant term. The counting fields are naturally missing in this
calculation and would have to be added by hand.
Looking back at the diagrams, it becomes clear that the terms A(χ) and B(χ) have
to be thought of as consisting of the interference between an amplitude for first order
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tunneling through the reference arm and an amplitude for co-tunneling through the
dot.
All other kernel elements of Eq. (5.9) can be derived in a similar way, also the off-
diagonal ones. These transfer charges while changing the dot state. Correspondingly
their diagrams look different: the example below shows the case where the dot is





+ LL RR ΦΦ
QDQD
Again, the direct transition is indicated in blue, but this time it passes through the
interface between dot and right lead. The process involving an intermediate state (red)
passes through the left lead.
















In contrast to the charge conserving rates the energy of the intermediate states is not
fixed since it lies in the left lead. Instead, since the energy of the final state is fixed due
to the direct tunneling from dot to right lead, the integration over the final state
∫
dρR
is reduced to a single term fixing the energy of the Fermi function of the right lead
to ǫ. With the same arguments as above it is then possible to reproduce the remaining
rates of Eq. (5.9).
It is thus supported by a simple perturbation calculation, that all rates of the master
equation (and thus the relevant transport processes) consist of interference between
an amplitude for first order direct tunneling and an amplitude for a conventional co-
tunneling process via an intermediate state. If this intermediate state lies on the dot,
the process has an even flux dependence, if it lies in one of the leads, the dependence
on flux is odd. Despite being of higher than lowest order, the processes are not full
co-tunneling processes and do not lead to level broadening and renormalization effects.
5.2 Interface current detector
In order to calculate the statistics of the entire system the counting fields are introduced
at the junctions (see Ch. 4 and Fig. 5.2). This corresponds to errorless detection
of all charges as they pass through the interfaces. For reasons of gauge invariance
the detector may be thought of as detecting the charges entering the drain contact
although technically the counting fields are attached to all interfaces. Until now it has
not been experimentally possible to measure the full counting statistics by detecting
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Figure 5.2: Interface current detector: The counting fields are attached to the tun-
nel matrix elements. This corresponds to counting electrons as they pass
through the interfaces.
electrons while they pass the interface and experiment relying on noise measurements
have proven too complicated for the detection of higher moments. Still, a number of
theoretical predictions have been made for the detection of higher cumulants. In a
later section the behavior of the system will be discussed in the presence of a counting
statistics detector that has already been experimentally realized. This detector does
not detect charges at the interfaces, but rather on the dot.
5.2.1 Transport in the non-interacting case
For reference, the statistics in the absence of Coulomb interaction are first summarised
here. As mentioned above, the master equation needed to describe non-interacting
electrons is two-dimensional and the eigenvalue of its kernel Eq. (5.6) is easily calcu-
lated.
As expected, the lowest order contribution in Γ, which describes transport through











D0(χ) = 1 + 4ΓLΓR
(ΓL + ΓR)2
[
fL(1− fR)(eiχ − 1) + (1− fL)fR(e−iχ − 1)
]
(5.19)
where the Fermi-functions are taken at the level energy ǫ. The statistics contains terms
for left- and right-moving electrons (e±iχ, respectively), but since it does not factorize,
these cannot be regarded as independent.
Expanding the eigenvalue to lowest order in |tref|, the interfering part of the statistics
if found to be
S
(Γ|tref|)
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where A(χ) consists of the same off-resonant, Poissonian processes as in Eq. (5.10).
This is in accordance with Ref. [6], where the current of this system was calculated
and found to be an even function of magnetic flux. 1
The transport processes giving rise to the flux dependence are interference con-
tributions of direct tunneling between the leads and elastic (i.e., energy- and spin-
conserving) co-tunneling through the single-level quantum dot. The co-tunneling con-
tribution causes the appearance of principal value integrals. They are proportional to
the transmission amplitude through the reference arm and to the transmission rate
through the quantum dot. Arguments backing up this interpretation were collected
in the previous section 5.1.1. The main properties of the noninteracting case (to be
contrasted later with results in the presence of electron correlations) are:
(i) The statistics is bidirectional Poissonian. This indicates that the individual
transport processes are independent from each other, which is consistent with
the notion that elastic co-tunneling through the quantum dot does not change
its state.
(ii) The cumulant generating function is an even function of the Aharonov-Bohm
phase φ. Onsager relations [182] require the linear conductance of a two-terminal
device to be even in the magnetic field. For noninteracting electrons, the trans-
mission for each energy, that could be probed by the linear conductance at low
temperature, is independent from the other energies. Therefore, in the absence
of Coulomb interaction, the cumulant generating function has to be an even
function of φ in leading order of the transmission.
(iii) As the amplitude for transmission through the quantum dot is determined by
co-tunneling, the energy ω of the incoming electron does not have to match the
energy ǫ of the quantum level. Therefore the processes are of off-resonant nature.
Generating function of the non-interacting dot via Levitov-formula
In the absence of interaction a single-particle treatment of noninteracting electrons can
be used. The full counting statistics for transport of noninteracting electrons through







1 + T (ω)
[
fL(ω)[1− fR(ω)](eiχ − 1)
+[1− fL(ω)]fR(ω)(e−iχ − 1)
]}
(5.21)
which expresses the cumulant generating function in terms of the energy-dependent
transmission probability T (ω) per spin channel, where fL(ω) and fR(ω) are the Fermi
functions of the left and right leads, respectively. The factor 2 outside the integral
describes the fact that two independent spin channels contribute.
1The occupation probabilities are independent of the reference arm and thus also flux, i.e., they are
those of a simple quantum dot.
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The transmission probability is the modulus squared of the transmission amplitude
that, for the quantum-dot ABI, is the sum of the amplitudes for transmission through
the reference arm and through the arm containing the quantum dot, respectively. For
the symmetric case ΓL = ΓR = Γ/2 the exact transmission is known to be [183, 184]:
T (ω) =
(2|tref|ω/Γ− cosφ)2 + sinφ2[




Inserting this in the Levitov-formula and expanding the resulting expression yields
the generating function. Since only the lowest orders in Γ and |tref| are needed, the















ref|2)(ω) = |tref|2 (5.25)
The non-interfering transport contributions are immediately understood: The trans-
mission for transport through a dot, Eq. (5.23), is given by a Breit-Wigner resonance.
The well known generating function of a single level in the limit of weak coupling
[111] does not immediately follow from mere insertion in the Levitov-formula. It is
rather necessary to define a χ-dependent current I(χ) = (ie/t0)∂S/∂χ, as has been
described in Ref. [111]. If the resonant level is placed between the energy levels of
the leads, the main contribution to the integral in the Levitov-formula comes from
the sharp (since Γ ≪ kBT ) Lorentz peak. Closing the integration contour in the
upper (lower) half plane, only the pole ǫ ± i
√
D0(χ)/2 contributes [with D0(χ) =











Integrating this over χ results in the generating function Eq. (5.18).
The transparency of the reference arm, Eqn. 5.25, is constant with respect to en-
ergy, which means that a Taylor expansion of the Levitov-formula leads to Poissonian







fL(1− fR)(eiχ − 1) + (1 − fL)fR(e−iχ − 1) (5.26)
In the interfering contribution, the second term of Eq. (5.24), the integral of the
Levitov-formula is transformed into a Cauchy principal value. Inserting Eqn. 5.24 in
the Levitov-formula, together with an expansion in the small parameters yields again
the generating function Eq. (5.20) previously obtained within the master equation
approach. Thus, the correspondence between two different approaches to the FCS of
non-interacting systems, the master equation approach and the Levitov-formula, has
been shown.
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5.2.2 Additional contributions to the statistics for an interacting dot
For interacting electron systems, the notion of a transmission probability T (ω) that
contains all information about the full counting statistics via the Levitov-Lesovik for-
mula is, in general, not applicable anymore. Incidentally such a notion still works
for the lowest-order contribution S(Γ)(χ). In fact, the non-interfering CGF for the
interacting case can be reproduced by using that of the noninteracting one but with
rescaled coupling parameters:












For the interference part S(t
refΓ)(χ), however, one could define a transmission proba-





but plugging this transmission probability into the Levitov-Lesovik formula would not
reproduce the higher cumulants.
An additional effect of Coulomb interaction was also discussed in Sec. 2.3.1: In a
closed geometry the current must be an even function of the magnetic flux in linear
response [6, 180]. This phenomenon is known as phase-locking. Beyond linear response
phase locking may in general be broken [181]. It has been shown that the current of the
single dot ABI indeed has a sin(φ)-contribution for finite voltages [6]. The statistics
will therefore also have a contribution with odd flux dependence.
The low-order contributions to the cumulant generating function S∞(χ) = S
(Γ)(χ)+
S(|t
ref|Γ)(χ, φ) + S(|t
ref|2)(χ) are found to be











































(e−iχ − 1). (5.30)
with the following definitions










5 Single dot Aharonov-Bohm interferometer
The second term, Eq. (5.29) contains the central new results, while the first [111, 173]
and third terms are well known. The first term is the Bagrets-Nazarov formula for an
interacting quantum dot [111]. The third line, which describes transport through the
reference arm only is naturally unaffected by dot properties and therefore the same as
in the non-interacting case, Eq. (5.26).
As has already been argued, there are two kinds of terms in the interfering part of
the generating function, differing in their flux dependence. Additionally they show
a different voltage dependence, being resonant and off-resonant. The first type of
processes are those associated with interference between co-tunneling through the dot
and direct tunneling from left to right [A(χ)]. These processes are of off-resonant
nature and carry an even flux dependence. They are described by the first two terms
in S(t
refΓ)(χ). The first part looks similar to the CGF of the noninteracting problem.
The only change is the appearance of the factor 1/(F +1). This factor describes partial
reduction of the interference due to spin-flip processes.
This can be understood as follows: In a co-tunneling picture it is clear that transport
of an electron through the initially occupied dot may or may not flip the dot spin. A
spin flip process leaves a trace in the environment and is thus incoherent. Since the spin
conserving processes are coherent, the flux dependence is not completely destroyed,
but rather partially suppressed. This partial suppression depends on whether spin
flip processes are possible and thus on the dot occupation. This dependence has
already been shown to modify the current by a prefactor 1/(F + 1) [6], with F (ǫ) =
[ΓLfL(ǫ) + ΓRfR(ǫ)]/(ΓL + ΓR). Its influence on the statistics is found to be more
complicated: Due to the second term in the CGF for these off-diagonal processes,
described by the second line of Eq. (5.29), the statistics is not bidirectional Poissonian
anymore. This means that the Coulomb interaction introduces correlations between
left and right going processes. Although it is not totally unexpected that interaction
induces correlations, it is still remarkable, since the processes involved are off-resonant
and change the dot state only virtually. It should be noted that this term enters neither
current nor noise in linear response.
The most significant effect of Coulomb interaction is, however, the appearance of
a second type of transport processes, described by the third line of Eq. (5.29). Con-
tributions of this kind are completely absent in the non-interacting case. They are of
on-resonant nature, and they carry an odd flux dependence. As can be seen from the
rates, Eq. (5.9), some of them are related to a change in the dot state, in contrast to
the off-resonant co-tunneling terms that only occupy the dot virtually. A more detailed
analysis in the shot noise regime, where the properties of sine and cosine terms become
more peculiar, follows in Section 5.2.4.
5.2.3 Onsager relations for the generating function near equilibrium
Onsager relations require the linear conductance to be an even function of magnetic
flux [6]. The idea behind the argument is that the system has to be time invariant in
linear response. Here these arguments are extended to comprise the entire counting
statistics.
The argument relies on a symmetry property of the system, illustrated in Fig. 5.3.
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Figure 5.3: Symmetry operation to apply Onsager relations. Rotation of the system
about the dashed axis corresponds to a time reversal operation (V → −V ,
I → −I, Φ→ −Φ).
Applying the time reversal operation on the system means that current I, bias volt-
age V and AB-phase φ are reversed. As can be seen from the figure this does not
change the system, it merely corresponds to a spatial rotation. This means for the
current, that
I(V, φ) = −I(−V,−φ). (5.33)
By taking the derivative with respect to the transport voltage in equilibrium, the













Strictly speaking this argument holds only for ΓL = ΓR, since otherwise the exchange of
source and drain contact would be noticable. However, for the lowest interfering order,
which is proportional to |tref|√ΓLΓR, this is irrelevant, since both source and drain
contact participate in the transport processes. Correspondingly, the linear conductance
is even in magnetic flux, i.e., the sine-contributions start in order V 2.










Since the linear conductance is even in the magnetic flux, this implies that the sin(φ)-
contribution to the generating function does not produce equilibrium noise. What is
more, the argument can be extended to all of the even moments in linear response: The
n-th cumulant is given as the sum of expectation values of products of up to n current
operators, such that in each addend the total number of current operators coincides
with the order of the cumulant, e.g., κ4 ∼ 〈I4〉 − 3(〈I2〉)2. To each of these terms the
relation Eq. (5.33) can be applied. Taking the limit V → 0 shows that the order n
determines the flux symmetry
[I(0, φ)]n = (−1)n [I(0,−φ)]n . (5.36)
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As a result, the even order cumulants contain no sine-contribution, while the odd order
cumulants contain no cosine contribution in equilibrium:
κsin2n (V = 0) = 0 (5.37)
κcos2n+1(V = 0) = 0 (5.38)
(5.39)
This may also be directly derived from the generating functions Eq. (5.29). A gener-
ating function with vanishing even moments κ2n has to be even in χ, while for the odd
moments κ2n+1 to vanish it has to be odd in χ. The sine and cosine parts of Eq. (5.29)





















where Ssin / cos denote the parts of the generating function proportional to sin(φ) and
cosφ, respectively. The time inversion is in this case simply performed by inverting
the sign of the bias voltage, magnetic flux and of the counting field (instead of the
current).
5.2.4 Signature of double particle effects in the shot noise regime
The properties of the modifications introduced by Coulomb interaction become more
apparent in the shot noise regime, ±eV = µL − µR ≫ kBT . In this case the transport
voltage dominates over thermal fluctuations such that fL(ǫ) = 1 and fR(ǫ) = 0 and
transport occurs mainly from left to right lead both for resonant and non-resonant
processes2. In the following the additional assumption of strongly asymmetric left and
right tunnel couplings, described by the ratio γ = ΓL/ΓR ≫ 1 or γ ≪ 1, is made.
This means that, for transport through the QD alone, the bottleneck is given by the
left (γ ≪ 1) or the right (γ ≫ 1) barrier. As mentioned above, the flux-dependent
contributions can be studied individually. For this purpose the cumulants κ
(n)
cos,sin are
defined separately as the parts of the cumulant with flux dependence cos φ, sinφ. Then
generalized factors can be defined as the quotients κ
(n)
cos,sin/Icos,sin with Icos,sin ≡ κ(1)cos,sin
being the sinφ- and cosφ-dependent part of the current, divided by the elementary
charge e.
Figure 5.4(a) shows the cosine-dependent generalized Fano factors as a function of
ΓL/ΓR = γ. In the extremely asymmetric case where one arm is almost pinched off
γ ≫ 1 or γ ≪ 1, the noise becomes Poissonian: κ(n)cos = Icos.
This is not the case for the sine-dependent generalized Fano factors, Fig. 5.4(b).
They are enhanced and approach κ
(n)
sin /I
sin = 2n−1 for γ ≫ 1 or γ ≪ 1. For n = 2, the
Fano factor is 3. The transfer of q charges in one or a sequence of multiple elementary
transport events is associated [187, 188, 103, 104] with a Fano factor κ(2)/κ(1) = q and
similar for higher cumulants (κ(3)/κ(1) = q2) [97]. Within the framework of counting
2This is obvious for the resonant terms, but also holds for the off-resonant terms.
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Figure 5.4: Generalized Fano factors κ
(n)
cos,sin/Icos,sin in the shot noise regime µL ≫
ǫ ≫ µR. κ(n)cos,sin is the cosφ/sinφ-dependent part of the n-th cumulant
(n = 2: noise, n = 3: skewness, etc.). (a) Cosine-dependent generalized
Fano factors, determined by off-resonant processes. The value 1 is assumed
at ΓL/ΓR = 1/2. (b) Sine-dependent generalized Fano factors, determined
by on-resonant processes. They approach 2n−1 for ΓL ≫ ΓR or ΓL ≪ ΓR,
while the minimum lies at ΓL/ΓR = 1/2 and has the value (2
n − 1)/2n−1.
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statistics, such transport processes with qi charges carry counting factors e
iqiχ−1. The
appearance of multiple counting factors with different qi implies that transport occurs
through several elementary events with different charges [59, 60, 66]. In our case, the
Fano factor of 3 does not hint at three charges per event, rather a combination of
single and double charges are involved. Expanding the cumulant generating function
in terms of γ ≪ 1 reveals counting factors for single and double charge transfers:













∣∣∣∣µL − ǫµR − ǫ
∣∣∣∣
+eV |tref|2(eiχ − 1)
]
. (5.42)
The first term describes transport trough the quantum dot in absence of the reference
arm. Transport behavior is dominated by the smaller tunnel barrier ΓL = γΓR and
transport becomes Poissonian. The last line describes transport through the reference
arm in absence of the dot and is also Poissonian. The cosine part of the interference
term (third term) is, for very asymmetric tunnel couplings, Poissonian as well.
The sine part of the interference term, however, is different. It contains a counting
factor of ei2χ, which is responsible for the enhanced generalized Fano factors. It should
be noted that this contribution is proportional to γ3/2, i.e., one order higher in the
asymmetry γ than the cosine term.
One could hope to identify the appearence of the ei2χ term not only in the higher
cumulants but also directly in the probability distribution P (N, t0) as an even-odd
feature. But once t0 is large enough to get a reasonable number of transferred charges
to identify the probability distribution, then the even-odd features from the sine part
will be washed out by the other contributions in Eq. (5.42).
The statements made in this section might also be of experimental relevance: The
sinφ- and cosφ-dependent parts can be easily distinguished from each other, either by
performing a Fourier analysis for the cumulants or by tuning the flux such that only
processes of one kind contribute to transport.
5.3 Dot charge detector
The full counting statistics of quantum dot systems have been measured with great
success with the help of a detector, which measures the charge on (one of) the quantum
dots in the system [67, 134, 135]. Under the assumption of large bias voltages, the
temporal changes of this charge are related to the full counting statistics (see Sec. 3.3.3).
Inspired by these experiments this section discusses in how far the statistics of the single
dot Aharonov-Bohm interferometer can be measured by charge detection.
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Figure 5.5: Dot charge detector: the transmission of the quantum point contact is
strongly affected by the charge on the quantum dot in close vicinity. The
change in the QPC-current allows to reconstruct the generating function
of transport through the dot. See also Section 3.3.3.
5.3.1 Detector model
The detector has already been discussed in Section 3.3.3. In the experiments [67, 134,
135] it consisted of a quantum point contact in vicinity of a quantum dot. Charging
the quantum dot with an additional electron increases the potential of the QPC’s
constriction and thus reduces the current. The switching of the QPC between a low
and high current state is then detected, which yields the counting statistics of the dot.
Strictly speaking the counting statistics obtained in this way are those for the oc-
cupation of the quantum dot. Due to the assumption of large bias voltages, these
statistics correspond to those of transport through the dot: Electrons entering the dot
will always come from the left lead and electrons leaving the dot will always go to the
right lead.
One may be worried that interference is destroyed by detecting the electrons on the
dot. This is, however, only true for an open quantum-dot ABI for which measuring
the dot charge provides a which-path information [189]. In closed interferometers
(cf. Sec. 2.3.1) a measurement of the dot charge does not yield path information,
because paths encircling the flux several times are possible [190, 191]. Furthermore,
even without allowing for such higher winding numbers the knowledge of the electrons
being on the quantum dot does not include the knowledge of the path along which
it leaves: The electron might tunnel directly to the drain lead or first go back to the
source virtually and then tunnel to the drain via the reference arm. These processes
are exactly those described by the resonant terms C(χ) and D(χ).
Modeling of the detector requires adding a second index to the occupation probabil-
ities [142, 143]: p = (p00, p↑0, p↓0, p01, p↑1, p↓1). The first index n = 0, ↑, ↓ denotes the
state of the dot and the second m = 0, 1 describes the state the detector believes the
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dot to be in. Upon change of the dot state the detector follows with a rate ΓD. This






W0,0 W0,↑ W0,↓ ΓD 0 0
W↑,0 W↑,↑ − ΓD 0 0 0 0
W↓,0 0 W↓,↓ − ΓD 0 0 0
0 0 0 W0,0 − ΓD W0,↑ W0,↓
0 ΓDe
iχ 0 W↑,0 W↑,↑ 0
0 0 ΓDe
iχ W↓,0 0 W↓,↓

p(t). (5.43)
The rates Wi,j are the rates of the system in absence of the detector. For the system
at hand they are given by Eqns. (5.8) and (5.9) taken in the shot noise regime and










. The counting factor eiχ
is introduced for the transition from p1,0 to p1,1, i.e., when the charge on the dot is
detected. The counting statistics for the detector motion can be obtained in the same
way as before by taking the eigenvalue with the lowest negative real part.
5.3.2 Counting statistics for the detector motion
The lowest-order generating function for the detector motion without interaction on
the quantum dot has been calculated before [143]. There it was also discussed that in
the limit of infinite bandwidth ΓD → ∞ the generating function for a quantum dot
[111] is recovered. Since the models for zero and strong interaction differ only by a
factor of two in the rates for filling of the dots (Eq. (5.7)), the counting statistics also
only differ by this factor. This means ΓL has to be replaced by 2ΓL in the interacting
case. This changes the inverse lifetime of an electronic state on the dot Γ = ΓL + ΓR
to Γ∞ = 2ΓL + ΓR:
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The generating function for the ABI in absence of the detector Sdot0,∞(χ) (Eq. (5.18) and
Eq. (5.28), respectively) is dressed by terms depending on both detector rate ΓD/~
and the inverse lifetime ΓΓ∞/~. This dressing describes a reduction of all moments
due to the finite bandwidth ΓD. This reduction is intuitively understandable: Owing
to its finite bandwidth the detector misses some events, which naturally leads to a
reduced current and thus also to reduced cumulants. What is more, not only the






.3 For a non-interacting quantum dot the lower bound
3In the case ΓD ≪ Γ both normalized and unnormalized cumulants are also reduced. This limit
corresponds to a detector of vanishing bandwidth and is thus not physically meaningful.
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for the Fano-factor was found to be 3/8 [143]. Here, for the AB interferometer, such
a lower boundary cannot be easily given, due to the influence of the reference arm,
which was included perturbatively and may in- and decrease the boundary, depending
on the value of the magnetic flux. Still, changes are of the order of |tref| and thus only
a small perturbation to the value 3/8.
In the limit of an infinite detector bandwidth ΓD ≫ Γ,Γ∞ all tunneling events are





Since the detector localizes the electrons on the dot, it could be expected that it
destroys coherence. However, this is not rue: While the position of the electron is
known, it remains unknown along which path it got onto the dot and along which
path it will leave. Consequently interference is not destroyed and a flux-dependent
correction appears.
Still, the detector is not equivalent to the interface current detector: Processes that
do not change the dot state cannot be detected. The diagonal parts of the kernel,
which are nothing but the resonant contributions of co-tunneling through the dot, can
therefore not be detected. This means in particular that no cos(φ)-terms appear. The
terms which do appear are related to the off-diagonal parts of the kernel and thus the
entire interfering part of the statistics has to be proportional to sin(φ).
The interfering part of the generating function turns out to be more complicated,
but simplifies greatly for a perfect detector:
S(|t
ref|Γ)







































The term G =
√
1 + 4 ΓD
(ΓD+Γ∞)2
Ddot∞ (χ) appearing in the expression for finite band-
width simplifies to G(χ)→ 1 for a perfect detector with ΓD →∞.
This result has the following properties. First, cosine terms do not appear for both
U = 0 and U = ∞. This is clear, because the detector is insensitive to the off-
resonant co-tunneling processes A(χ) which go along with only a virtual occupation of
the dot. In addition, the detector is insensitive to the resonant contribution B(χ) to
the co-tunneling processes, as they also preserve the dot state. Correspondingly, the
same statistics can be obtained if A(χ) and B(χ) are replaced by by A(0) and B(0)
in Eq. (5.9) instead of solving the detector model Eq. (5.43). In this case it becomes
apparent that the flux-dependent contribution may be understood as a correction to
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the tunneling rates ΓL,R: The rates in the kernel Eqns. (5.8) become
W1,0 = ΓL + |tref|
√
ΓLΓR sinφ (5.49)
W0,1 = ΓR − |tref|
√
ΓLΓR sinφ. (5.50)
Expanding the non-interfering generating function for a QD with these rescaled rates
in terms of |tref| yields the first part of Eqns. (5.47,5.48). In the case of detection at
the interfaces (Sec. 5.2), these terms did not appear, since they were cancelled by the
resonant contributions of the charge conserving processes B(χ).
S
(|tref|Γ)





















Moreover, Coulomb interaction also influences the sine-terms: It causes the second
term of Eq. (5.48). In Fig. (5.6) the flux-dependent corrections to the cumulants are
plotted. Their only interesting feature is a sign change for specific values of ΓL/ΓR –
the enhanced moments for extreme asymmetry are lost.
In conclusion, is is found that measuring the quantum-dot charge by a nearby
QPC does, indeed, provide some information of the FCS of the transport through the
quantum-dot ABI. Naturally, interference processes that do not change the occupation
of the dot remain undetected. This includes the off-resonant interference contributions
with an even flux dependence and part of the on-resonant contributions with an odd
flux dependence. The on-resonant interference processes that are accompanied with
a change of the dot state, though, can be detected in that way. As not all processes
are detected, the counting statistics of the sine-processes are not the same as in the
interface detector model and the double particle features are lost.
Additionally, it is predicted that sin(φ) terms appear also in the counting statistics
of an non-interacting dot. It might appear that this violates the symmetry relations
discussed in Section 5.2.3. However, this is not true, since the symmetry arguments
were formulated for the system in absence of the detector. The occurrence of these
terms depends crucially on an asymmetry of the coupling rates ΓL 6= ΓR. The very
same term appears also in the interacting system (although in this case there is also
the term known from the interface detector model). This suggests that introduction of
the detector which distinguishes between filling and emptying universally introduces
this term, regardless of the dot properties.
5.4 Chapter summary
In this chapter the counting statistics of an Aharonov-Bohm interferometer with a
quantum dot embedded in one of its arms have been analyzed. In particular the
effects of strong Coulomb interaction on the dot were discussed.
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Figure 5.6: Logarithmic plots of the n-th cumulants κ
(n)
QPC (in presence of a perfect
QPC-detector, solid, from Eq. (5.48)) and κ
(n)
sin (without the QPC-detector,
grey, from Eq. (5.42)) in the shot noise regime µL ≫ ǫ ≫ µR (such that
fL = 1, fR = 0). The value 1 is plotted for reference.
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The rates of change of the quantum dot state (as they appear in the master equa-
tion) of a single dot Aharonov-Bohm interferometer are found to be the unaffected by
Coulomb interaction: There are contributions both even and odd in the magnetic flux.
Both of these arise due to interference of one amplitude for direct tunneling and one
amplitude for co-tunneling via an intermediate state.
As required by Onsager relations the sinφ-terms do not appear in the statistics
of a non-interacting dot. Rather the interfering part of the statistics is composed of
Poissonian off-resonant terms with an even flux dependence.
In case of large charging energy on the dot, the picture changes. Firstly coherence is
partially reduced due to spin-flip processes, which is reflected in a prefactor 1/(F +1).
Secondly correlations between the off-resonant processes are introduced, so that their
statistics is no longer Poissonian. Finally sinφ-terms appear in the statistics for finite
bias. In the case of strongly asymmetric coupling of the dots to the leads, the moments
of their statistics turn out to be strongly super-Poissonian, i.e., growing with increasing
order of the moment. This is striking, since all other processes become Poissonian in
this limit as events are determined by the smaller of the two rates and therefore become
uncorrelated. The form of the generating function suggests that the sinφ-processes are
related to double particle events in this limit.
In the last part of the chapter it was examined which of these features are detectable
by measuring the charge of the quantum dot. Since the cosφ-processes leave the charge
of the dot unchanged, such a detector is blind to them. Regrettably the interesting
physics of the sine-processes in the interacting case is also lost. Instead, since the
detector introduces an asymmetry between filling and emptying of the dot (by dis-
tinguishing these processes), some of the properties of the interacting case (in which
the asymmetry between filling and emptying is inherently introduced in the rates) are
carried over into the non-interacting statistics: A characteristic term with odd-flux
dependence is introduced.
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Aharonov-Bohm interferometers
In this chapter the counting statistics of a parallel double quantum dot (DQD) as shown
in Fig. 6.1 are analyzed. The dots are weakly coupled to two leads, operated in the shot-
noise regime, with an Aharonov-Bohm flux Φ enclosed by the two paths. For sufficiently
large separation of the dots, no interdot charging effects and interdot tunneling are
possible. Assuming strong intradot interaction, the system can accommodate at most
two electrons.
While sometimes neglected in transport studies [86, 192], the electron’s spin can
play a crucial role in this setup. Recently a scheme was pointed out how entangled
electron pairs are generated by transport through a DQD [15, 16]: depending on the
Aharonov-Bohm phase decay of the singlet to the drain is supressed. This resembles
coherent population trapping, an effect originally described in quantum optics [17] that
has become important also in condensed matter physics [19, 20, 193, 194]. In other
words, the system contains a slowly and a quickly decaying state. It is known that
this may lead to bunching and thus the singlet-triplet imbalance should be reflected in
current noise and higher cumulants.
Indeed bunching behavior is found, strongly dependent on the magnetic flux. Its
origin lies in the Hilbert space’s decomposing into two parts when the flux assumes
integer multiples of the flux quantum – one for the singlet and one for the triplets.
Each subspace has its own transport statistics and the transition between the two parts
is mediated by the magnetic flux.
In order to describe the system dynamics not only the doubly occupied singlet and
triplet states need be appropriately described, also the singly occupied state demands
some attention: Since the system consists of two levels, it is fully described only by a
non-diagonal density matrix, whose off-diagonal components may be interpreted as an
isospin. The second section therefore deals with the question of how to calculate the
counting statistics of systems with off-diagonal components in the density matrix.
6.1 Hamiltonian and density matrix
The double dot interferometer shown in Fig. 6.1 is described by the following Hamil-
tonian
H = Hu +Hd +HL +HR +HT . (6.1)
Each of the two leads is described as a reservoir of non-interacting fermions Hr =∑
kα εrkσ a
†
rkσarkσ with indices for lead r ∈ {L,R}, momentum k and spins σ (see
Sec. 4.1). The tunneling Hamiltonian HT consists of parts HT,r for tunneling between
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Figure 6.1: The double dot Aharonov-Bohm interferometer consists of two quantum
dots (u and d) connected to two leads in parallel. The paths through the
dots enclose a magnetic flux Φ, giving rise to Aharonov-Bohm interference.




|t|rk e±iφ/4a†rkσciσ +H.c., (6.2)
with the flux dependence included in the phase factors e±iφ/4 according to Fig. 6.1.
The phase φ is related to the magnetic flux Φ through the ring as φ = 2πΦ/Φ0. This
setup is related to a quantum-dot spin-valve, identifying the two spin states on the dot
with the dots in the two arms and the AB-phase with the phase factors originating
from a finite angle between the lead polarizations [73]. The tunneling rate through
interface r is quantified by Γr(ω)/~ = 2π |tr|2 ρr/~. The rates are assumed to be the
same for tunneling to upper and lower dot from lead i. For simplicity, the densities
of state ρr and the tunneling amplitudes tr are assumed to be independent of energy,
which implies constant tunneling rates.




iσciσ + Uini↑ni↓ with i = u, d, are described as
Anderson impurities with spin-degenerate electronic levels ǫu = ǫd = ǫ and charging
energy Uu/d for double occupation. Only the regime of strong Coulomb interaction
(Ui greater than all other energies) is of interest here. This implies that only single
occupation of each dot is allowed.
In addition to strong on-site Coulomb repulsion, no interdot interaction is assumed,
so that the entire system can be occupied by at most two electrons. The Hilbert space
thus consists of the states |µu, µd〉 with µu,d ∈ {0, ↑, ↓} describing the occupation of
dot i. It is more intuitive to express the density matrix in a different basis, which
is introduced in the following. The probabilities p0 = 〈|0〉 〈0|〉 and p1 = pu + pd for
an empty and a singly occupied dot are an obvious choice (pu =
∑
σ〈|σ, 0〉 〈σ, 0|〉 and
pd =
∑
σ〈|0, σ〉 〈0, σ|〉). However, the singly occupied state is more complex: Charg-
ing the empty system with one electron of spin σ from the left lead results in the
state c†L,σ |0〉 ≡ (ei
φ
4 c†uσ + e
−iφ
4 c†dσ) |0〉 = ei
φ
4 |σ, 0〉+ e−iφ4 |0, σ〉. This state is not fully
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Figure 6.2: Isospin polarization directions of left (right) lead nL(R). The isospins en-
close an angle φ which is given by the Aharonov-Bohm phase 2πΦ/Φ0. The
choice of coordinates is such that the state with one electron in the upper
dot corresponds to an isospin fully aligned in +z-direction.
described by the probability of single occupation p1, it rather needs to be further
specified by off-diagonal elements of the density matrix pµν =
〈|µ〉 〈ν|〉 where µ and
ν label the dot states. These off-diagonal elements are summarized as an isospin in











2 )/2. In this basis the state reached by tunneling in from the left
lead is isospin-polarized along nL = (cos φ/2, sinφ/2, 0). The right lead is correspond-
ingly isospin-polarized along nR = (cosφ/2,− sinφ/2, 0) (see Fig. 6.2).
Due to strong Coulomb interaction on the dots double occupation of the system is
allowed only if one electron is found on each dot. Addition of a second electron from
the left reservoir leads to the doubly occupied state c†σ¯(e
iφ
4 |σ, 0〉 + e−iφ4 |0, σ〉). Since
double occupation of individual dots is prohibited, this equals |S〉 = (|↑, ↓〉−|↓, ↑〉)/√2,
which means that by filling from the source lead only the singlet state |S〉 is accessible.
The three triplets |T+〉 = |↑, ↑〉, |T−〉 = |↓, ↓〉, |T0〉 = (|↑, ↓〉+ |↓, ↑〉)/
√
2 can be accessed
only indirectly by removing one electron from the singlet state. The resulting isospin
need not point in +x-direction so that filling with a second electron can result in a
triplet. Spin symmetry of the Hamiltonian requires all triplets to be occupied with
equal probability pT+ = pT− = pT0 = pT . For this reason all other spin indices are
dropped in the following.
In summary, there are seven non-vanishing elements of the density matrix: four
probabilites and three off-diagonal components, expressed as an isospin I. For the
calculation of the counting statistics it is helpful to arrange these elements in a vector
pi = (p0, p1, pS , pT , Ix, Iy, Iz)
T . (6.3)




pi(N, t) = W(N, t) · pi(N, t) (6.4)
The kernel W can now be calculated, starting from the Hamiltonian in Eq. (6.1)
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Figure 6.3: Occupation probabilities as a function of magnetic flux for a symmetric
system in the shot-noise regime fL = 1, fR = 0. The oscillations do not
follow a cosine law.
using the diagrammatic real-time technique discussed in Sec. (4.1). While for the calcu-
lation of the counting statistics the matrix form Eq. (6.4) is used, the master equation
is presented here using a more intuitive notation distinguishing between occupation









−4fr e−iχr (1− fr) 0 0
eiχr 4fr −(1 + fr) e−iχr 2(1 − fr) e−iχr 2(1− fr)
0 eiχr 12fr −2(1− fr) 0



















eiχr 2frp0 + (1− fr)p1 + e−iχr (1− fr)pS − e−iχr (1− fr)pT
]
nr
− Γr(1 + fr)I (6.6)
The power of this notation lies in the intuitive meaning of the isospin, which behaves
analogous to the spin in a magnetic field. The double dot Aharonov-Bohm interfer-
ometer thus becomes similar to a quantum dot spin valve [153]. The main difference
(and as will be seen later also the most interesting properties) is caused by the more
complex structure of the doubly occupied state. Still, the analogy reaches so far, that
the transmission through the system is larger if the (iso)spin polarizations of the leads
are parallel than when they are anti-parallel.
The master equation will only be analyzed in the shot noise regime fL(ǫ) = 1,
fR(ǫ) = 0 in the following. The stationary occupation probabilities are shown in
Fig. 6.3 for a symmetric system, ΓL = ΓR.
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6.2 Counting statistics for a system with a non-diagonal
density matrix
The singly occupied subspace requires for a complete description not only its occu-
pation probability p1, but also an isospin I, i.e., off-diagonal elements of the density
matrix. So far it has only been formulated how to obtain the counting statistics from
a master equation for a diagonal density matrix (cf. Ch. 4). In this case the master








W(N −N ′, t− t′)ρ(N ′, t′) (6.7)
with ρ = (ρµ1µ1 , ρ
µ2
µ2 , . . .) denoting a vector of the diagonal elements of the density matrix.




eiNχ P (N, t), with P (N, t) = eT · ρ(N, t) (6.8)
where eT = (1, 1, . . . , 1) is a vector of ones, summing responsible for summation of the
diagonal elements of ρ. Its exact definition does not matter, since it appears in the
calculation only in the combination ln (eT · p0)(qT0 · pin) (in Eq. (4.26)), which drops
out in the final expression for the generating function Eq. (4.27).
As mentioned above, the master equation can also be written in matrix form, if a
vector π(N, t) is defined to consist of the diagonal elements of the density matrix first,
followed by the non-diagonal entries:
π(N, t) = (ρ11, ρ
2






µ2 , . . . , ρ
νm
µm) with µi 6= νi. (6.9)
Then the probability P (N, t) that N charges passed the system after time t is obtained
by summing over the first n components only, i.e., the vector eT has to be redefined
eT = (1, . . . , 1︸ ︷︷ ︸
n times
, 0, . . . , 0). (6.10)
With this the generating function is correctly defined. However, since eT does not
appear in the final expression, the generating function is related to the eigenvalue of
the master equation’s kernel W in the same way as before.
Additionally, if the system states are not energetically degenerate, the master equa-
tion may contain a term i
~
(Eχ1 − Eχ2)ρχ1χ2(t). It is local in time and can be absorbed
in the kernel as a contribution proportional to δ(t − t′).
It should be noted, that now the kernel also describes the evolution of the off-diagonal
elements of the density matrix. Therefore information about the off-diagonal elements
also enters the generating function, although it does not depend on the exact definition
of eT . In other words, the generating function can be calculated in the same way as
in the case of diagonal density matrix.
Also for the perturbative calculation scheme for the cumulants described in Sec. 4.3
no modifications are required, since the role of eT is taken over by the left nullvector
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of W. This can be seen from probability conservation 0 =
∑
µWµν , which can also be
written as 0 = eTW, with eT as above. It is therefore clear that there must always
be at least one left nullvector and that it must always coincide with eT . In case a
second left (and therefore also right) nullvector exists, the counting statistics can be
calculated neither with the perturbative approach, nor via the eigenvalues (cf. next
section).
6.3 Dynamical channel blockade for vanishing flux φ = 0
In the limit of vanishing flux the master equation decouples into a part containing the
singlet and a part containing the triplet occupation. This can be understood by visu-
alizing the mechanism for charging the dots: the initially empty dot is first populated
with an electron from the source, resulting in a state with isospin |+〉L. The second
electron entering from the source always results in a singlet state. Correspondingly the
triplet and isospin |−〉L belong to a different subspace. Since the subspaces decouple
and have different counting statistics an effect similar to bunching gives rise to noise
enhancement for φ = 0.
6.3.1 Separation of subspaces
When the Aharonov-Bohm flux assumes multiples of the flux quantum φ = 2πm and
the master equation (6.5,6.6) separates into two blocks. This has been discussed in
Refs. [15, 16]. This decoupling is related to the fact that starting from an empty dot
not all system states are accessible by filling from the left lead. The first electron
charging the system is isospin-polarized along the source direction nL, i.e., the system
is in a state |+〉L with p1 = 1 and I · nL = 1/2 (In absence of a flux, the isospin
polarization is such that the electron is equally distributed between the two dots).
Charging the system with a second electron results in the singlet state (as discussed
above). Correspondingly the states |0〉, |+〉L, |S〉 form a separate subspace.
The corresponding occupation probabilities can be expressed in terms of the isospin
by noting that the projector |+〉LL〈+| can be written as |+〉LL〈+| = (|1, 0〉 〈0, 1| +
|0, 1〉 〈0, 1|)/2+(|1, 0〉 〈0, 1|+ |0, 1〉 〈1, 0|)/2 = p1/2+I ·nL. This motivates to transform
the master equation with S, so that Sp = (p0,
p1
2 + I · nL, pS , p12 − I · nL, pT , I · (nz ×
nL), Iz), in order to make visible the different subspaces. This means that in the
first three components it is summarized what from now on will be referred to as the
+-subspace, named after the isospin component it contains. The fourth and fifth
component contain the −-subspace (consisiting of |−〉R and |T 〉), while the last two
components describe the remaining directions of the isospin, which are orthogonal to
|+〉L and |−〉R and are thus referred to as the ⊥-subspace. The density matrix elements
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









6.3 Dynamical channel blockade for vanishing flux φ = 0
With these definitions the master equation can be written as
d
dt
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
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Therein the definitions G±r = Γr
1±cos φ
2
2 have been used.
It turns out that for zero flux the master equation assumes block diagonal form
and the +- and −-subspaces decouple. The +-subspace is found in the upper-left
3 × 3 block. In presence of a flux it is coupled by tunneling, i.e., a change in the
charge state, to the 2×2-dimensional −-subspace located in the middle. However, this
coupling cannot be described simply by a rate Ω+↔−. Instead there are six possible
transition paths which occur with four different rates. The paths and rates can be
read off from the 2× 3- and 3× 2-matrices in Eqns. (6.12) and (6.13)
As for φ = 0 the system decomposes into two uncoupled subsystems it is no longer
possible to calculate its counting statistics as described in Ref. [173]. There are two
independent stationary solutions of the master equation (6.5,6.6) – one for each sub-
space. The full stationary solution would obviously be a linear combination of the two,
with the coefficients given by the initial occupations of the subspaces, i.e., the station-
ary state depends on the initial conditions. For the same reason it is unclear how the
counting statistics have to be defined: There are two eigenvalues that vanish for χ→ 0
and a simple linear combination of them, like for the stationary occupation, does not
do the job: As discussed in the following sections, the statistics which are obtained
as analytic continuation from φ 6= 0 differ from those that would be obtained from
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Figure 6.4: The normalized n-th cumulants κn/κ1 diverge for φ→ nπ in a symmetric
system (ΓL = ΓR), due to the competition of two channels belonging to
different system states. The width of the divergence is governed by the
relaxation rate between these two states.
a linear combination of two generating functions, regardless of the initial conditions.
Also the perturbative method described in Sec. 4.3 runs into problems: While usually
the correct subspace is determined automatically by multiplication with left and right
nullvector, in the case of decoupled subsysytems there are also two different sets of
nullvectors (one for each subspace) and it remains unclear, how the recursive equation
Eq. (4.38) has to be solved.
We do not investigate further how the counting statistics of a system in which the
stationary state, depends on the initial condition, can be calculated. It can be expected
that any physical system is subject to some mechanism that lifts the degeneracy and
couples the subspaces. One such mechanism is already inherent in the present system:
by excluding the points φ = 2πm from the calculation the subspaces are always coupled
and the counting statistics at the degeneracy points can be obtained by continuation
of the solutions found in the vicinity. In Section 6.5 a number of different mechanisms
resulting in a coupling of the subspaces are discussed.
6.3.2 Super-Poissonian statistics
The separation of the system’s Hilbert space into two separate subspaces has conse-
quences for the transport statistics: The subspaces have different transport properties,
such that the system continually switches between a high and a low voltage state, which
leads to enhanced noise, similar to bunching. There are two factors determining the
magnitude of noise enhancement: The larger the difference in the currents of the two
states is, the more enhanced is the noise. As the rate with which the system switches
between the states is decreased, the noise is expected to be enhanced further. In the
system discussed, the coupling can be decreased to zero by tuning the magnetic flux
such that the phase assumes multiples of 2π. In this case the subspaces decouple and
all normalized cumulants diverge as κn/κ1 = (1/ sin φ/2)
2(n−1) (Fig. 6.4). It should
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Figure 6.5: The current through the double dot system is subject to Aharonov-Bohm
oscillations. These are not following an exact cosine law.
be emphasized that the divergence of the normalized cumulants is not caused by a
vanishing current, whose dependence on flux is approximately cosine-like (Fig. 6.5),
i.e., maximal at φ = 0.
To specify the picture outlined above the properties of the subspaces are analyzed
separately. For this purpose the generating functions associated with the 3 × 3- and
2×2-subspaces containing singlet and triplet, W+ andW−, respectively, are calculated
(see Eq. (6.15)).
The generating function for the −-subspace Eq. (6.17) resembles that for a quantum
dot, as could be expected, since the subspace is spanned by only two states,











The transition rates are 3ΓL for filling and 2ΓR for emptying. This can be understood
by counting the possible realizations of each state: If the dot is in a triplet state,
taking away either of the two eletrons results in single occupation. On the other hand,
starting from a singly occupied state there are three triplets which can be accessed by
tunneling into the system.
While the generating function for the +-subspace can be easily obtained, it is too
complex to be shown here. It describes a three state system, with transition rates as
can be read off from Eq. (6.15). The lower part of Fig. 6.6 shows these rates.
There are numerous examples in the literature, in which super-Poissonian noise is
caused by different states participating in transport. They comprise, e.g., two levels
with different coupling to the source [66] and different coupling to source and drain
with an additional inter-level coupling [67]. A model closer to a real telegraph model
was discussed in Ref. [42]: Transport occurs through a single level, but occasionally
a side-coupled level is charged, so that transport is temporarily suppressed due to
Coulomb blockade.
The complex internal dynamics distinguish the double quantum dot discussed here
from these in two ways: Firstly the two states are not just differing in current, but
are each characterized by their own distribution function. Secondly the transitions
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Figure 6.6: Rates connecting the different states in the triplet (top) and singlet (bot-
tom) subspaces. Note that for φ = 2πm the singly occupied states are
equal, |±〉L = |±〉R.
between the subsystems cannot just be described by simple rates Γ+↔−. Instead there
are many coupling paths, which are described by the matrices in in Eqns. (6.12)-(6.14).




The subspace dynamics depend on the tunneling rates: Fig. 6.7. shows the first three
normalized cumulants of a system with asymmetric tunnel coupling to source and
drain. It is noticeable that the width of the divergencies is greatly reduced for a =
(ΓL − ΓR)/(ΓL + ΓR) → +1, i.e., with the drain lead being the bottleneck. Due to
the complexity of the problem an analyic analysis of the generating function is not
possible in this regime. However, plotting the cumulants Poissonian behavior is found
for sufficiently large values of a.
Apparently the bunching effect has disappeared. In order to understand this, the
behavior of the +- and −-subspaces needs to be investigated. Bunching requires the
two states to have different transport properties. It turns out that for a → 1 the
properties of the +- and −-space become the same. Figure 6.8 shows the current I−
(I+) under the condition that the system is in the +-(−-)space as a function of the
the asymmetry. These currents are obtained from the generating functions for each
subspace (see previous section Eqn. 6.17). They become equal for a→ +1.
In the limit a→ ±1 the generating functions simplify and a perturbative expansion
around a = 1 shows that not only the currents, but also the generating functions are
equal to leading order:
S+|a→1 = t0 2ΓR(eiχ − 1) −
1
4
Γ(a− 1)3e2iχ(eiχ − 1) (6.18)
S−|a→1 = t0 2ΓR(eiχ − 1) −
1
3
Γ(a− 1)2eiχ(eiχ − 1) (6.19)
In the opposite case a → −1 they are also Poissonian, but with different mean
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Figure 6.7: The normalized n-th cumulants κn/κ1 of the non-symmetric system also
diverge (upper plot: a = (ΓL − ΓR)/(ΓL + ΓR) = −0.9, lower plot: a =
+0.9). It is however visible the width of the divergence is greatly reduced















Figure 6.8: For stronger coupling to the drain (a < 0) the +-occupation is enhanced as
compared to that of the −-space (upper plot). Additionally, the currents
carried by these states differ. This results in super-Poissonian statistics.
For a→ 1 both currents and occupation are equal. This results in the first
3 cumulants becoming Poissonian (see Fig. 6.7).
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Figure 6.9: Internal system dynamics for flux φ = π and strong coupling to the drain
a → −1. The double lines denote transitions much faster (with rate 2ΓR)
than the single lines (with rates ∝ ΓL).
current
S+|a→−1 = t0 4ΓL(eiχ − 1) −
3
2
Γ(a+ 1)2eiχ(eiχ − 1) (6.20)
S−|a→−1 = t0 3ΓL(eiχ − 1) −
9
8
Γ(a+ 1)2eiχ(eiχ − 1) (6.21)
In addition, in this case the +-space is preferred over the −-space (P+ = 45 + O(a1)
and P− =
1
5 +O(a1)). Correspondingly bunching persists.
6.4 Super-Poissonian statistics for flux φ = pi
Figure 6.7 reveals that the statistics for φ = π are peculiar also for a→ −1: The noise
and the third normalized cumulant are enhanced beyond the Poissonian value, while the
fourth normalized cumulant remains negative. The enhanced noise can be understood
by studying the states which predominantly contribute to transport. They can be read
off from the master equation Eq. (6.5,6.6) and are summarized in Figure 6.9.
Due to the strongly different coupling strengths, filling the dot is much slower than
emptying. Therefore one could expect that the dot is predominantly empty, while
single and double occupation are strongly suppressed. However, the isospin of an
electron originating from the left lead has no overlap with the isospin polarization of
the right lead. The direct transition |+〉L → |0〉 is therefore forbidden (like in coherent
population trapping [18, 19, 20, 194]) and single occupation turns out to be more
likely than an empty dot, as can be seen from the stationary occupation probabilities
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 0−25 + a+15
0

+O((a+ 1)2) parallel to nL. (6.23)
Due to the fact that filling the dot with a single electron occurs with rate 4ΓL and
adding a second electron only with rate ΓL the singly occupied state |+〉L is, in lowest
order in (a + 1), four times more likely than an empty dot. Occupation of the triplet
is even rarer than singlet occupation: it starts in order (a + 1)2, because it can only
be reached via singlet occupation and subsequent decay to the state |−〉L.
It is eminent from the flowchart Fig. 6.9 that there are several distinct cycles through
which electrons are transported from left to right: the transitions |+〉L ↔ |S〉 and
|0〉 → |+〉L → |S〉 → |−〉L and then back to |0〉, or several subcycles via |T 〉. As these
cycles transfer electrons at different mean currents and with different statistics, it is
clear that a telegraph effect will lead to increased noise. In contrast to the channel
exclusion described in the previous sections this effect is not related to separated
Hilbert spaces.
6.5 Influence of experimental imperfections
For the +- and −-subspaces to decouple, a very special set of parameters is needed,
so that experimental imperfections are bound to lift the degeneracy. In this section
several such mechanisms are discussed and all are found to prevent a divergence of the
normalized cumulants for φ = 0. Although the divergence is reduced, the bunching
effect can still be seen in the cumulants, since they are (for reasonable parameters)
still enhanced above the Poissonian value.
6.5.1 Charge relaxation: decay of the isospin
In experiments interaction with the environment can be expected to induce various
relaxation mechanisms. Relaxation of the isospin, mediated by electric interactions,
will be of particular importance. It can be modelled by introducing a relaxation rate
ΩI in the master equation Eq. (6.5,6.6) that reduces the isospin isotropically:
d
dt
I ∝ −ΩI I.
The effect of this relaxation is primarily a reduction of the visibility of the AB-signal,
due to the electrons loosing their coherence. Furthermore it lifts “isospin-blockade”
and leads to an effective coupling of the +- and −-subspaces. Correspondingly the
bunching effect is weakened, resulting in the cumulants assuming finite values also for
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Figure 6.10: Isotropic relaxation of the isospin with a rate ΩI = Γ/10 suppresses the
divergence of the normalized cumulants for φ = 0. While the Fano-factor
turns sub-Poissonian already for the relaxation rate shown, higher cumu-
lants still show super-Poissonian behaviour.
φ = 0 (see Fig. 6.10). The normalized cumulants are suppressed as 1/ΩI The figure
shows the situation for ΩI =
Γ
10 . This is the lowest value for which the Fano factor
becomes sub-Poissonian, while the third normalized moment still remains greater than
one. For sufficiently fast relaxation all cumulants become sub-Poissonian, but as can
be seen from the figure, the higher the moment, the faster is the required relaxation
rate.
6.5.2 Spin relaxation: conversion of singlet and triplet
Another relaxation mechanism is given by spin-flip processes converting singlets into
triplets and vice versa. Since pT summarizes all three triplets, the following terms have
to be added to the master equation:
d
dt
pS ∝ −ΩST pS + 3ΩST pT (6.24)
d
dt
pT ∝ +ΩST pS − 3ΩST pT . (6.25)
The factor of three is required to take into account that the triplet probability corre-
sponds to three states, while there is only one singlet.
The +- and −-subspaces are now directly coupled and the divergencies vanish as
1/ΩST , but with a larger factor of proportionality than in the case of isospin relaxation
(Fig. 6.11): Already for ΩST = Γ/200 the Fano factor becomes Poissonian. However,
since such a relaxation is mediated magnetically, it can be expected to be much slower
than isospin relaxation.
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Figure 6.11: Relaxation from singlet to triplet (and vice versa) with a rate ΩST =
Γ/200 suppresses the divergence of the normalized cumulants for φ = 0.
This suppression occurs already for much lower rates than for Isospin
relaxation.
6.5.3 Level detuning: precession of the isospin
A third imperfection which is almost bound to be present in experiments is a detuning
of the dot level ∆ǫ = ǫu − ǫd. As has also been discussed in Ref. [15], if this detuning
is of the order of the tunnel coupling ∆ǫ≪ Γ, it causes precession of the isospin. The
master equation Eq. (6.6) receives an additional term
d
dt
I ∝ ∆ǫ (n× I), (6.26)
where n denotes the quantization axis of the isospin, i.e., I · n = |σ, 0〉. For the
choice of coordinates made in this chapter (nL = (cosφ/2,− sinφ/2, 0)) it is given as
n = (0, 0, 1).
In contrast to the previous effects, this does not directly reduce the value of the
isospin, but merely changes its direction. Still, the subspaces are now coupled and
cumulants and normalized cumulants decay as 1/∆ǫ, just as in the other cases. For
small values of the detuning and specific values of the flux, the decay need not be
monotonic in |∆ǫ|. This is owed to the more complex phase dependence that is as-
sumed, as can be seen in Fig. 6.12 for a symmetric system ΓL = ΓR. As can be seen
from the figure, the phase dependence is not even in flux. This is owed to the fact
that the generalization of the Onsager relation to finite bias voltages Eq. (2.11) holds
only if both dots have the same properties, which is not the case if their energetic
degeneracy is broken. Despite the flux dependence being asymmetric under reversal
of the phase, it is symmetric under simultaneous reversal of phase and level splitting
(φ→ −φ,∆ǫ→ −∆ǫ), since then the symmetry argument shown in Fig. 2.9 holds.
It should be noted that the detuning shown in the figure ∆ǫ = Γ/3 is already quite
large in comparison to the tunnel coupling (The calculation holds only for ∆ǫ . Γ).
Still, the third and higher moments remain super Poissonian.
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Figure 6.12: A finite detuning of the quantum dot levels lifts the divergence of the
normalized cumulants. At a fairly large detuning ∆ǫ = Γ/3 (as shown)
the Fano-factor becomes one, but higher cumulants are still clearly super-
Poissonian.
6.6 Comparison with a spinless system
We would like to remark that the divergence of the normalized cumulants for φ =
2πm depends crucially on the inclusion of spin in the description of the system. The
literature knows a number of examples where finite noise was found in similar, although
not equal, double dot systems with spinless electrons [86, 192, 195, 196]. Allowing
for different transmission phases of the two dots as well as different dot energies the
authors of Ref. [86] find enhanced noise for specific relative transmission phases and
small energy splittings ∆ǫ. In Refs. [192, 195] an interdot coupling results in an energy
splitting of the singly occupied symmetric and antisymmetric combinations of the dot
levels. This results in dynamical channel blockade. A channel blockade is also the
fundanmental origin of enhanced noise in Ref. [196]. Here, diverging cumulants are
predicted for zero flux. This is understood in a specific basis for single occupation of
the dot: one of the transformed states decouples from the leads, but is coupled to the
other state with a rate proportional to the difference in level energies ∆ǫ. Occupation
of the disconnected state enhances noise since it blocks transport through the other
state by means of Coulomb repulsion. In our system no Coulomb interaction between
the dots is assumed, so that this charge blockade mechanism is not effective.
Neglecting spin in our model reduces the dimensionality of the Hilbert space by one
since the distinction between singlet and triplet becomes impossible. Instead there is
only one doubly occupied state, which is sufficiently described by its occupation prob-
ability p2. We again arrange the density matrix elements in a vector pi = (p0, p1, p2, I)
so that the master equation can be written in matrix form. Transforming to a new
basis Spi = (p0, p1/2+I ·nL, p2, p1/2−I ·nL, I ·(nz×nL), Iz), the kernel of the spinless
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with the definitions G±r = e
iχ
2 Γr(1 ± cos φ2 ) and Γ = ΓL + ΓR. Note that the G−r = 0
for φ = 2πm.
The block structure can be understood by realizing that, for an AB-phase φ = 2πm,
charging the empty double dot |0〉 from the source always results in the symmetric
state |+〉 = (|1, 0〉 + |0, 1〉)/√2. From this state the electron may leave to the drain,
resulting again in |0〉. In contrast to the spinful case, the symmetric state |+〉 cannot be
charged with a second electron, so that |0〉 and |+〉 constitute a decoupled set of states,
whose motion is described by the upper left block of Eq. (6.27). On the other hand,
the doubly occupied state |1, 1〉 may loose one electron to the drain, resulting in the
antisymmetric combination |−〉 = (|1, 0〉− |0, 1〉)/√2, which can also be charged again
from the source, but cannot be discharged to the drain. The two states {|−〉 , |1, 1〉}
therefore also form a decoupled set, which is described by the middle block of Eq. (6.27).
The remaining components of the isospin are unoccupied.
In contrast to the situation with spinful electrons the statistics of the two subspaces
are the same, regardless of the coupling strengths. This is owed to the fact that both
subspaces are two-dimensional and describe a single level, the statistics of which is
symmetric in source and drain coupling. Correspondingly the statistics of the spinless
model becomes that of two independent, non-interacting levels [110, 111] for φ = 2πm
(see Fig. 6.13).
The figure also shows that at φ = (2m+1)π the statistics becomes Poissonian. This
is due to an isospin-blockade: Adding one electron to the empty system, results in the
state (|1, 0〉 − i |0, 1〉)/√2. This state cannot decay to the drain. On the other hand,
the doubly occupied state may loose one electron, resulting in the combination (|1, 0〉+
i |0, 1〉)/√2, which in turn cannot be refilled from the source. As a consequence, the
system is trapped in the singly ocupied state and transport events become increasingly
rare as the flux approaches 2πm, resulting in Poissonian statistics.
In summary, no super-Poissonian noise is predicted for any value of the magnetic
flux when spin is neglected.
The spinless double dot system with degenerate levels discussed here can be regarded
as a special case of a non-interacting quantum-dot spin-valve [153], with perfect lead
polarization. The statistics of quantum-dot spin-valves have been analyzed in more
general contexts, both without and with Coulomb interaction [71].
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Figure 6.13: The normalized n-th cumulants κn/κ1 show no divergence for φ = 2πm
if spin is neglected. Instead they assume the values expected for a non-
interacting two-level system. At φ = (2m + 1)π the statistics becomes
Poissonian due to an isospin blockade effect.
6.7 Chapter summary
The double dot Aharonov-Bohm interferometer exhibits peculiar transport properties,
which can be understood by thinking of the leads as being isospin-polarized. The
isospin is needed to properly describe the singly occupied subspace. It turns out that
the empty state, a specific isospin state and the singlet state for double occupation
form a closed subspace of the system. The opposite isospin together with the triplet
form a second subspace. A coupling between the subspaces is in the shot noise regime
mediated only by the drain lead, which is able to extract electrons with an isospin
depending on the AB phase.
This dependence on the AB phase gives rise to a decoupling of the subspaces for
φ = 0. Since the subspaces have different transport properties an effect similar to ran-
dom telegraph noise results in enhanced noise: Both normalized and non-normalized
cumulants diverge for φ→ 0. The relation of this enhancement to the different trans-
port properties of the subspaces has been illustrated by considering extremely asym-
metric source and drain contacts: If the drain contact is close to pinch off, the statistics
of the subspace become the same so that the telegraph mechanism does not apply and
the statistics becomes Poissonian.
The decoupling requires a very specific parameter set which would be hard to realize
experimentally. However, the effect has been shown to be robust with respect to various
relaxation mechanisms.
Also at the special point of φ = π enhanced noise was found. The origin could again
be understood in terms of the same two subspaces, although these are not decoupled.
For the calculation of the counting statistics it was necessary to find a formulation
that allows the treatment of systems with non-diagonal density matrices. An adapta-
tion of the formalism described in Ref. [173] was found to fulfill this purpose.
The effects of super-Poissonian noise both at φ = 0 and φ = π relies crucially on
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the inclusion of spin in the description of the system. If spin is neglected, there is only
one doubly occupied state. Although the system’s Liouville space decomposes into two
subsystems for φ = 0, the dynamics of these subsystems are equal (and equal to the
statistics of a two-level system) so that no enhanced noise is predicted.
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7 Conclusions
This thesis studies how the transport properties of Aharonov-Bohm interferometers are
affected by single charge effects. For this purpose two-path interferometers are exam-
ined. In order to introduce charge effects, single level quantum dots are embedded via
tunnel contacts in the interferometer arms. The Coulomb interaction strongly affects
the transport behavior. In order to characterize the transport processes the counting
statistics of the systems were calculated from a generalized master equation approach.
It is sufficient to calculate the transition rates in lowest order in the tunnel coupling
to capture the essential effects. Charging effects, in contrast, are treated exactly.
The first system, studied in Chapter 5, consists of an interferometer with only a single
quantum dot embedded in one arm. In a tunneling approximation transport through
the interferometer has three contributions. The first contribution consists of tunneling
through the single barrier that connects the leads directly. It has Poissonian statistics
and delivers a flux independent background, regardless of interaction on the dot. The
second contribution consists of tunneling through the double barrier provided by the
quantum dot. This contribution is also flux-independent and obeys the well-known
statistics of a quantum dot, [110, 111] including charging effects, which can be ap-
propriately described by rescaled coupling parameters. Finally, the third contribution
describes interference between amplitudes going through the direct arm and the quan-
tum dot. One of these amplitudes originates from sequential tunneling, while the other
describes coherent co-tunneling, e.g., from one lead to the other, involving a virtual
state on the dot. In case of zero charging energy this interfering contribution shows
no special behavior: it is off-resonant, an even function of the magnetic flux and obeys
Poissonian statistics.
All these three properties change in the case of strong Coulomb interaction. Firstly
the processes present in the non-interacting case receive corrections that reduce the
amplitude of the AB oscillations depending on the dot occupation [6, 13]. In addition
their statistics are no longer Poissonian. Of greater interest is the appearance of addi-
tional resonant terms with an odd flux dependence. If either source or drain contact
of the dot are tuned close to pinch off, it would be expected that the statistics are
determined by the weaker contact. This usually means (e.g., in case of a quantum dot)
that the system behaves like a single barrier and exhibits Poissonian statistics. Much
in contrast, the resonant interfering contribution to the statistics of the interferometer
shows strongly super-Poissonian behavior in this regime. The statistics resemble that
for transfer of double charges.
The reason for the appearance of terms with odd flux dependence for large charge
interaction lies in the fact that it introduces an asymmetry between filling and emp-
tying of the dot. Such an asymmetry can alternatively be introduced by measuring
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the charge of the dot. Both charge detection and strong Coulomb interaction result in
the appearance of on-resonant terms with an even flux dependence. However, the two
mechanisms are not exactly equivalent: Charge detection also affects the off-resonant
processes, so that the giant normalized cumulants are not observable.
As a second system a parallel double quantum dot was studied in Chapter 6. In
the case of single occupation of the double dot, the electron reside in a superposition
of the two levels, so that the system state is appropriately described by an isospin. De-
pending on the Aharonov-Bohm flux, the leads can be regarded as isospin polarized.
Double occupation is possible if the two electrons enter singlet or triplet combinations.
It turns out that these two-particle states couple differently to the leads. Indeed, in
absence of a magnetic flux, only the singlet state can be reached when starting from
an empty dot. This implies that the Liouville space of the system decomposes into
two parts, i.e., the set of master equations splits into to decoupled subsets. One of the
subspaces contains singlet, empty state and a specific isospin, while the other consists
of a different isospin and the triplet states. A coupling between these subspaces is
mediated by tunneling, but disappears if the AB-phase assumes multiples of 2π.
The double dot system is only correctly described when off-diagonal density matrix
elements are taken into account. Thus for the calculation of the counting statistics the
method described in Ref. [173] had to be extended.
The transport properties of the subspaces differ, in particular they carry different
mean currents. Since the system switches continually between these different current
states, noise is enhanced in the fashion of random telegraph noise when the switching
rate is reduced, as happens for φ→ 2π. The complete decoupling of the subspaces at
multiples of 2π results in a divergence of the cumulants as the AB phase approaches
n2π. Enhanced moments have often been described in the context of multiple states
participating in transport; there are also examples of diverging noise. The novelty
value of the present system lies in the fact that the noise diverges although the current
remains finite. This is possible since the Liouville space of the system decomposes into
two completely decoupled parts, both having internal dynamics that enable transport.
Furthermore the effect was explicitly shown to critically depend on the inclusion of
spin in the description of the system. While in a spinless treatment also two decou-
pled subspaces exist, these have equal transport properties, leading to the well known
statistics of a two-level system.
With regards to experimental realizations it has been checked that the observed
effects are robust with respect to various damping mechanisms. While diverging cu-
mulants cannot be expected in the presence of these imperfections, strongly super-
Poissonian statistics are still expected.
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A.1 Lowest interfering order
In the presence of “cross” vertices at least two tunneling lines must occur, belonging to
different leads r, s. This gives rise to two energy integrals and two energy denominators.
Still the diagrams are different from conventional second order processes. In order to
illustrate the character of the diagrams and the technical steps for their calculation
two example diagrams belonging to the kernel component W00 are calculated in the
following.















It can be evaluated according to the rules in Section 4.1.3. The appearance of tunnel
matrix elements, fermi functions and energy denominators is straightforward. The
phase factor eiφ for the magnetic flux can easily be attributed as well, since a gauge was
chosen in which it was fully incorporated in the reference arm t˜eiφ. Correspondingly
the diagram is proportional to eiφ, since the “cross”-vertex appears on the upper
arm. The most complicated part of the rules concerns the counting field. Carefully
considering all three vertices it becomes apparent that the diagram corresponds to one
charge being transferred from left to right lead, i.e. counting factor eiχ. Altogether the
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A Example diagrams for the single quantum dot interferometer
The integrations are carried out according to Cauchy’s formula (p. 50). The first two
terms combine with terms from other diagrams in such a way that the single principal
values cancel and only Fermi functions remain. The third term contributes to the
off-resonant processes A(χ).
The last term of the result is easier to evaluate when combined with other terms from
the kernel element of W00. There are two other diagrams with the same prefactor and
one of them turns out to contain a similar term. It should be noted that, in contrast
to other calculations regarding this system and in contrast to other application of the
diagrammatic technique, here the number of diagrams that can be combined is limited
by the comparably large number of prefactors (counting field and flux) and the signs
(for electron and hole) at the fermi function. Still, a matching diagram can always be
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For the evaluation of this integral it is helpful to introduce the representation of the
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Dirac-δ-function (πδ(x) = δ
x2+δ2
) are recognized, so that the entire integral Eq. (A.9)
equals











For the double principal value integrals appearing in the diagrams discussed above
(Eq. (A.8)) this means that they are equal to













In all other diagrams similar steps have to be taken to cancel all double principal
value integral. Once this is achieved, all single principal values drop out as well, so
that the kernel assumes the form Eq. (5.9).
Usually, diagrams which are related by shifting the rightmost vertex from the upper
to the lower contour cancel each other. The reason lies in the fact that the diagrams’
values are equal apart from a relative minus sign introduced by the rightmost vertex
on the lower contour. In the presence of counting fields, moving the rightmost vertex
between the contours in general introduces not only a relative minus sign, but also
changes the counting factor. Correspondingly the pair of diagrams does not add to
zero. This is of importance in the following section.
A.2 Lowest order for direct tunneling between two leads
It is also possible to calculate within the diagrammatic approach the, trivially Poisso-
nian, transport contributions that originate from direct tunneling between two leads.
Since these processes do not change the dot state, they appear only as diagonal com-
ponents of the kernel W. Furthermore, since they do not depend on the initial state
of the dot, all diagonal components are the same, Wαα = W
β
β . This implies that the
contribution to the generating function, which is given as the eigenvalue, it just Wαα .
For the diagrammatic calculation the counting field is a vital ingredient, since with-
out it the diagrams would exactly cancel, since they are related by shifting the right-
most vertex between upper and lower contour. As mentioned in the previous section,
this is not the case in the presence of counting fields, since one of the addends receives
a factor e±iχ, while the other does not. This means that the pair of diagrams appears
with the prefactor (e±iχ− 1) in the kernel. This prefactor is the usual counting factor,
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normalized in the sense that it preserves probability normalization by vanishing for
χ→ 0.
With this in mind, all four diagrams for Wαα are drawn:











Since each diagram contains one vertex into which a line enters from the left lead and
one vertex into which a line enters from the right lead, the Aharonov-Bohm phase
drops out and all diagrams are proportional to |tref|2 = |t˜|2ρLρR. Further application
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iχ − 1) + f−L (ω)f+R (ω)(e−iχ − 1)
]
(A.15)
where in the last step it was realized that the particular combination of resolvents
results in −2πiδ(ωL − ωR). In the shot noise regime (fL = 1, fR = 0) the energy
integral becomes equal to eV .
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